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The operational limitation of magnetoplasmadynamic (MPD) thrusters known as "onset"
imposes a severe restraint on the utilization of these devices. Operation at high total
current and/or low mass flow rate causes large voltage oscillations usually accompanied
by deterioration of the electrodes. While the onset parameter, p, is well entrenched
in both the experimental and theoretical literature, a fundamental understanding of the
phenomenon still does not exist.
This work suggests that an electrothermal instability triggered by high rates of ohmic
dissipation may be the physical basis of onset. The instability is found at relatively high
ionization fractions (w .9) where the energy associated with ohmic dissipation cannot be
fully absorbed by the energy expended in creating new electrons through net ionization.
The excess energy that is not taken up by the other loss mechanisms in the plasma
goes directly into increasing the electron temperature fueling further increases in ohmic
dissipation through increased electrical conductivity.
By combining this stability model with the results of an MPD numerical simulation,
predictions of the behavior of the onset parameter as a function of electrode length,
interelectrode separation, and mass flow rate were made. Comparison of these predictions
to the results of previously conducted experiments shows excellent agreement. For the
first time, a single physical explanation of onset is capable of accurately predicting the
behavior of the onset parameter as a function of geometry and operating conditions. An
unexpected result from both the experimental review and the stability analysis is that the
onset parameter is not independent of mass flow rate under all conditions.
Though the predicted trends match those found in experiments extremely well, exten-
sion of this work to include two-dimensional effects is needed to confirm the role that
this instability may play in MPD devices and to fully explore its consequences.
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Chapter 1
Introduction
The magnetoplasmadynamic (MPD) thruster is an electric propulsion device that may
be used in various low-thrust space applications. Its simplicity of design and theoretical
efficiency at high power levels make it an ideal candidate as the primary propulsion source
for planetary exploration missions. It has also been suggested for use in orbital transfer
vehicles where the time of flight considerations are outweighed by fuel consumption
concerns.
Among its competitors for these types of missions are ion engines and chemical rockets.
The thrust density of ion engines is limited due to the space charge limited effect. The
specific impulse of chemical rockets is limited by the energy available in any chemical
reaction. Similarly, an operational limitation has been shown to exist for MPD thrusters.
When the device is operated at high total current and/or low mass flow, large voltage
oscillations occur usually accompanied by severe ablation of the electrode surfaces. The
phenomenon is referred to as "onset". While the physics underlying the limitation in ion
engines and chemical rockets is well understood, the source of the onset phenomenon
continues to be the aim of research.
This work explores the possibility that onset is the result of an electrothermal instabil-
ity. It would exist near full ionization where the energy associated with ohmic dissipation
could not be absorbed by the energy expended in creating new electrons through ioniza-
tion. The excess energy that was not taken up by the other processes in the plasma (heat
conduction, collisional energy transfer between the electrons and heavy species, and am-
bipolar diffusion) would go directly into increasing the electron temperature. Increases in
the electron temperature would cause the electrical conductivity to rise triggering further
increases in ohmic dissipation. One characteristic of this instability is the possibility of
explosive growth of perturbations. This is the motivation to explore this instability as a
possible source of the onset phenomenon.
The self-field MPD thruster consists of a cathode, anode, backplate and the associated
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Figure 1.1: MPD Thruster
electrical devices to supply the large amount of current needed. Figure 1.1 shows the most
common configuration which is a cylindrical cathode surrounded by an outer concentric
anode. The backplate is made of a non-conducting material and is perforated to allow
injection of the propellant into the chamber. In this paper, the propellant is assumed to
be Argon.
Figure 1.2 shows a schematic diagram of the thruster and the orientation of the various
vectors during operation. Though neutral gas is injected, it quickly becomes ionized to
some small degree, probably by neutral-neutral collisions. After a sufficient concentration
of electrons is reached further ionization can take place by electron-impact ionization.
In the self-field device the magnetic field is induced by the currents circulating in the
plasma rather than by external means. Note that in figure 1.2, a charged particle (ionized
gas) is moving at some velocity across both electric and magnetic field lines. In such a
situation, a force exists which if given by 3 x B. In this particular geometry the force is
perpendicular to both the electric field and magnetic field vectors and therefore is aligned
directly out of the chamber (parallel to the chamber walls). This is the Lorentz force and
the source of thrust in MPD devices.
This simplified discussion ignores the Hall effect which tends to divert the jx B force
toward the cathode. It is a two-dimensional effect and therefore beyond the scope of
this paper. However, it is clearly important under some circumstances and should be
ANODE (+)
ELOCITYYELOCITY
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Figure 1.2: Vector Orientation
considered in any two-dimensional analysis.
To illustrate optimal operating conditions it is useful to derive simplified expressions
for the electromagnetic thrust and specific impulse. In this derivation, ra and rc refer to the
radii of the anode and cathode and the device is assumed to be that shown in figures 1.1
and 1.2. Neglecting the contributions due to the ends of the electrodes, the thrust (F) is
given by the magnetic pressure ( -) integrated over the surface area of the backplate.
F // f B2 2r ra B2' rdrd
= J 2po dAbackplale = o r dr d (1.1)
where
B - J21rr
Integrating eq. 1.1 gives
F= In - (1.2)47? rc
The specific impulse (Isp) can be obtained by rewriting eq. 1.2.
I=• In (1.3)
A similar analysis shows that the efficiency scales as ,." While these expressions
are obviously very crude they clearly show that, from any standpoint, it is desirable to
operate an MPD thruster at high total current. It also appears that higher values of Isp
and efficiency can be achieved by running the thruster at low mass flow rates. However,
laboratory experiments seem to show that for a given mass flow rate that operation is
limited to a maximum value of -. This "onset parameter" defines the operating conditions
at which the symptoms of onset begin. The voltage oscillations that occur cause severe
unsteadiness while increased deterioration of the electrodes rapidly decreases the lifetime
of the device. Unlike non-reuseable impulsive thrusters (chemical rockets) which can
successfully sustain very high ablation rates over their short lifetime, these low-thrust
devices must be run for long periods to achieve the required Av and therefore are much
more sensitive to deterioration rate. Consequently, operation is limited to values of .
which are less than () oet putting a ceiling on the Ip and efficiency that can be
achieved.
If the MPD thruster is to become an accepted propulsion device, this limitation must be
thoroughly understood. Only then can the thruster be designed and operated to minimize
the effects of the limitation.
In chapter 2 I review laboratory experiments that operated thrusters at or near onset to
determine the relationship between the onset parameter and the geometry of the device.
The data are accumulated from 18 separate references containing 105 individual entries.
The dependence of the parameter on electrode length, interelectrode separation and pro-
pellant injection site are consistent with previous work. The parameter increases linearly
with increasing electrode length. Decreasing the interelectrode separation also increases
the parameter but appears to follow a power law relation. Injection of propellant near the
anode increases the parameter for most devices but it is clear that some are less affected
by this than others. An unexpected outcome of this analysis was that the parameter is not
independent of mass flow rate under all conditions. Significant increases in the parameter
are possible as the flow rate is decreased below some critical value but again for only
some devices. The similarity of the effects of geometry and operating conditions suggest
that the onset phenomenon is an indication of the stability of the plasma at some critical
location in the thruster and allowed for the definition of two regimes of operation. The
non-reactive regime is characterized by operation where the onset parameter is indepen-
dent of mass flow rate, interelectrode separation and propellant injection site. Operation
in the reactive regime gives values of the parameter which are dependent on these factors.
In chapter 3 I derive a dispersion relation from a simplified version of a quasi one-
dimensional, two-fluid model. This is an extension of earlier work by Heimerdinger
and Martinez-Sanchez[10]. The model contains equations for the electric and magnetic
fields, electron density, electron energy, and overall density. The effects of ionization,
recombination, diffusion, heat conduction, ohmic dissipation and electron-ion collisions
are included. Only perturbations to the electron conditions are considered. The resulting
dispersion relation describes the stability of the plasma as a function of wavelength and
six plasma conditions.
In chapter 4 I explore the general stability behavior of the plasma as a function of
wavelength and the six plasma conditions. This was done by varying one of the conditions
and keeping the others held constant at chosen values. Though an attempt was made
to choose realistic values, it is extremely unlikely that any the complete set accurately
represented an actual MPD plasma. Another significant limitation of this analysis is
that each of the parameters are functions of the others. Therefore precise results are
not expected. However, the general trends are evident and summarized at the end of
the chapter. The most interesting result was that a critical ionization fraction exists at
which the stability behavior of the plasma changes dramatically. Plasmas with relatively
low ionization fractions can sustain high levels of ohmic dissipation but as soon as the
ionization fraction reaches a critical value these high values of ohmic dissipation become
very destabilizing and are capable of causing explosive growth rates.
In chapter 5 I address the limitations of chapter 4 by applying the stability model to
the results of a numerical simulation of MPD flow. The numerical model was developed
by Niewood[27], is also quasi one-dimensional, and contains all of the energy loss mech-
anisms of the model on which the stability analysis is based. Among the results that are
available from the numerical model are the six plasma conditions that are needed to solve
the dispersion relation. Therefore, by choosing a thruster to simulate and the conditions
of operation, the model provides all of the parameters needed to determine the stability of
the plasma as a function of wavelength. Armed with an appropriate criterion for onset as
it applies to the stability model, predicted values of the onset parameter can be calculated
and compared to the results of chapter 2. All of the trends shown in the experiments
were accurately predicted by the use of these two models. By examining each term in
the dispersion relation it was found that the two regimes of operation can be explained
by the relative contribution of ambipolar diffusion to the total energy loss in the plasma.
In chapter 6 I1 summarize the results of this work and offer recommendations regarding
future research. For the first time, a single physical explanation of the onset phenomenon
is capable of predicting the behavior of the onset parameter as a function of length,
interelectrode separation and mass flow rate. The dependence on propellant injection site,
the influence of the Hall effect and a more accurate prediction for the precise value of the
parameter awaits two-dimensional work. But, even this relatively simple one-dimensional
instability model demonstrates that an electrothermal instability may play an important
role in MPD devices.
Chapter 2
Review of Experiments
As described in the introduction, operation of the MPD thruster is limited by the phe-
nomenon called onset. The term generally refers to the appearance of large scale voltage
oscillations that occur when the device is operated at high total current and/or low mass
flow. The voltage oscillations are usually accompanied by substantial increases in ablation
of the electrodes though not always.[8],[33]
The definition of onset is rather arbitrary but for most work has been defined as the
condition when the voltage oscillations exceed 10% of the terminal voltage. This is the
definition that will be used here.
It was shown by a simple analysis in chapter 1 that the electromagnetic part of thrust
(and therefore Isp) is related in some way to the parameter Z-. Experiments have shown
that this same parameter is also, at least under some conditions, a reasonable indicator of
onset. That is, devices that can be satisfactorily operated at low values of the parameter
become characterized by the onset phenomena when operated at higher values of the
parameter.
The purpose of this chapter is to establish what the onset parameter depends upon.
Appendix A is a compilation of data from experiments which explored onset. To focus
this work, only data from experiments that met the following criteria were included.
* Argon gas was used as the propellant.
* The geometry of the devices was satisfactorily defined. Unfortunately, some papers
that had extensive and interesting onset data failed to include an accurate description
of the device they were using.
* The devices had constant cross-sectional area. Devices that had flared channels were
not included.
* The devices were coaxial. A cylindrical cathode was surrounded a cylindrical anode.
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Figure 2.1: Schematic Diagram of an MPD Thruster
The data will be analyzed to determine the effects of length, interelectrode separation,
propellant injection site and mass flow rate on the onset parameter. The term interelectrode
separation (h) refers to the distance between the electrodes or h = ra - re. When an
entry number is referred to in the text or table, it corresponds to data from the table of
appendix A.
Figure 2.1 is a schematic diagram of a typical thruster and defines the symbols used in
appendix A to describe the geometry. The electrodes are defined by their length and radius.
The propellant is injected into the chamber through perforations in the backplate which
can be located anywhere between the two electrodes. Though a wide range of injection
techniques were used, they will all be categorized by X/Y where X is the percent of
propellant injected near the cathode and Y is the percent injected near the anode. For
example, 0/100 is all anode injection.
2.1 Dependence of the Onset Parameter on Length
One of the more extensively studied effects is the dependence of the onset parameter on
the length of the device. The term length is somewhat ambiguous since there are two
independent lengths involved, the cathode length (Lc) and the anode length (La). In fact,
it will be shown that the onset parameter is most directly related to the length of the
shortest electrode (L,) and lengthening one electrode beyond the other has a secondary
and decreasing effect upon the parameter.
The group of experiments from which the length dependence is apparent are those
done by researchers at Princeton University on variations of the "benchmark" thruster.
The device has a cathode radius of .0095 m, an anode radius of .051 m, and an anode
length of .060 m. The dependence on length can be shown by plotting the onset parameter
as a function of the cathode length for data that were taken at constant mass flow rate
and 50/50 injection. Table 2.1 and figure 2.2 show this dependence. Data taken at other
conditions are included if no variation of the parameter with that condition was noted.
The most significant feature of figure 2.2 is the change that occurs at L, ;, La. For
Le < La the dependence is approximately linear and substantial increases in the parameter
are achieved with increasing cathode length. For Le > La, the rate of increase of the
parameter decreases and the onset parameter appears to become asymptotic to some value.
King[17] and Boyle[3] have reported the similar results using their own data. King states
"as the cathode is lengthened, J* increases until the cathode tip reaches the plane of the
anode face, following which P* approaches an asymptote."
The same qualitative result is obtained when the cathode is held at some constant length
and the anode length is varied. That is, for La < L,, increasing La has a marked effect
upon the onset parameter. For La 2 Lc, the increase is reduced and parameter appears to
approach some value asymptotically.
Since it appears that the parameter scales fairly directly with the length of the shortest
electrode, what is the dependence of the onset parameter upon this length? Few additional
data are available to answer this question. The data from table 2.1 can be used by
substituting .06 m for Le when Le > La. Entries 42, 45, 46, 47, 48, 49, and 50 from
appendix A can also be used.
Figure 2.3 shows the dependence of the onset parameter upon the length of the shortest
electrode. Figure 2.2 and figure 2.3 both show a linear increase of the parameter with
increasing length.
However, the knee of the plot that is fairly evident in figure 2.2, is either shifted to
higher lengths (L, > .100m) or absent in figure 2.3. From this data it is unclear whether
an asymptotic value for the parameter as a function of L, exists.
The conclusions are clear.
* Increasing the electrode lengths increases the onset parameter.
* Increasing the length of either electrode beyond the other has a secondary and de-
creasing impact upon the onset parameter
* Efficient design of a thruster would include relatively long electrodes of equal length.
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Table 2.1: Onset Parameter vs. Cathode Length
Le
(m)
.025
.100
.0171
.0171
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.0171
.0171
.0531
.0229
.0324
.0435
.0580
.0691
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.100
.100
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.0254
.0254
.0254
.263
.1243
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.100
17
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73.5
84.4
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66.7
34.9
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33.0
104.2
88.2
80.0
88.2
[5]
[17]
[22]
[13]
[14]
[30]
[2]
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2.2 Dependence of the Onset Parameter on the Inter-
electrode Separation
Experimental investigation of the effect of interelectrode separation (h) on the onset pa-
rameter is limited. In fact, it appears that only two researchers, Malliaris[22] and King[17],
have specifically examined the behavior. Others, [32] for example, have recognized the
dependence and designed devices with relatively high onset parameters but failed to ex-
plore the effect.
Table 2.2 is a collection of references to data for which L, = .0254 m. Figure 2.4 is a
plot of the data and shows a clear increase in the parameter as h is decreased. The curve
fit is (J 2 \ constant
' )on se - h.635
Though the curve fit is reasonable for all of the data, it appears that for small values
of h the data is steeper than the curve fit. If data for h > .02 m is omitted, the exponent
of h rises from .635 to 1.03.
The only other applicable data from appendix A are those of King[17]. The length
of the shortest electrode of the thruster was .050 m. The data are given in table 2.3 and
plotted in figure 2.5. Again, there is a distinct increase in the onset parameter as h is
decreased. The curve fit is
J2. cornstant
7 )onset - h2_19
The trend is the same in both figures though the exponents differ. A clear possibility
exists to explain the difference. From figure 2.4, it appears that the exponent of h increases
with decreasing h. If data for lower values of h exist, it is likely that higher exponents
would result. Conversely, if values of h greater than .0415 m for the thruster of figure 2.5
exist it is equally likely that lower exponents would result.
Some general conclusions are possible.
* Decreasing the interelectrode separation (h) can increase the onset parameter.
* The rate of increase follows a power law.
(J2' constanm
-) onset - he
* The exponent (E) appears to be inversely proportional to h. For relatively large values
of h, the onset parameter is only mildly affected by changes in h. For small values
of h, the onset parameter is greatly affected by changes in h.
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Figure 2.4: Onset Parameter vs. Interelectrode Separation (L, = .0254 m)
* The exponent (e) may approach zero as h approaches oo implying that the onset
parameter is independent of h at some high value of h.
* If the previous conclusion is accurate then a critical h exists where the behavior
of the onset parameter changes. At values of h greater than the critical one, the
onset parameter is independent of h and at values less than the critical one the onset
parameter increases with decreasing h.
Though decreasing h is clearly capable of increasing the parameter, care must be taken
to recognize the other effects. For example, thrust and I,p scale with both the onset
parameter and some measure of h. If a particular thrust or I,p is desired, some tradeoff
between high - and low h exists. However, King[17] notes that for the data of table 2.3,
the reduction of the thrust coefficient as a result of low h is overwhelmed by the increase
of the onset current which combine to produce the highest performance at the lowest
values of h.
J2
entry ref. h Jonse (T-)onse
no. no. (m) (A)x o10 (sec)X109
15 [31] .0415 16.0 42.7
26 [4] 13.0 28.2
77 [22] 6.2 34.9
78 [22] 9.0 36.8
79 [22] 14.2 36.0
80 [22] 19.9 33.0
54 [6] .0286 18.0 43.2
55 [6] 8.0 45.7
56 [6] 10.0 40.0
69 [22] 7.0 44.5
70 [22] 9.9 44.6
71 [22] 16.0 45.7
72 [22] 23.0 44.1
57 [22] .0190 7.0 45.0
58 [22] 9.9 44.6
59 [22] 16.0 45.7
60 [22] 23.0 44.1
61 [22] .0159 8.0 58.2
62 [22] 11.0 55.0
63 [22] 18.0 57.9
64 [22] 25.9 55.9
65 [22] .0095 10.0 90.9
66 [22] 14.1 90.4
67 [22] 23.1 95.3
68 [22] 33.9 95.8
73 [22] .0444 6.0 32.7
74 [22] 8.0 29.1
75 [22] 12.3 27.0
76 [22] 15.9 21.1
81 [22] .0349 7.0 44.5
82 [22] 9.9 44.6
83 [22] 15.0 40.2
84 [22] 21.9 40.0
23
Table 2.2: Onset Parameter vs. Interelectrode Separation (L, = .0254 m)
entry ref. h on set ( L)onse
no. no. (m) (A)x 103 (Asec)X109
51 [17] .0225 39.0 253.5
52 [17] .0315 26.0 112.7
53 [17] .0415 20.0 66.7
Table 2.3: Onset Parameter vs. Interelectrode Separation (Ls = .050 m)
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Figure 2.5: Onset Parameter vs. Interelectrode Separation (Ls = .050 m)
2.3 Dependence of the Onset Parameter on Propellant
Injection Site
Much work has focused on the effect of propellant injection site on the onset conditions.
Studies of many devices have shown conclusively that injection of the propellant at or near
the anode surface can be effective in raising the onset parameter. Conversely, injection
of propellant at the cathode surface results in the lowest values of the onset parameter.
Among the papers that show this effect are references [32], [5], [33], [19], [23], [16],
and [24]. Further analysis here of this and similar data is unnecessary since the effect is
clear and the data to support it overwhelming.
However, it is equally clear that some devices do not show the behavior. Yoshikawa
et al[33] found that for their device, injection near the anode surface was efficient in
raising the onset parameter for low mass flow rates only (mass flow rate < .0006 k).
Kagaya et al[16] arrived at the same conclusion, "the characteristics of the K-III-S were
found to be nearly uninfluenced by the method of propellant injection at all but extreme
operating conditions of very low mass flow." Kurtz et al[21] modified their device to
allow anode injection in the expectation that it would increase the onset parameter. They
found, however, that "the performance improvement hoped for in nozzle-type thrusters
with anode gas injection due to shifting of the onset to higher currents was not realized."
Boyle [4] studied the effect in detail for seven thrusters. Each had the same radial
geometry and was operated at the same mass flow rate but had different cathode lengths. It
was found that the devices with the longest cathodes showed the dependence upon injection
site while those with short cathodes did not. Entries 17-21 of appendix A,(Lc = .0171
m), showed no change in the parameter with injection site while entries 22-25, (Lc = .053
m) did show the effect. Other experiments, ([5], [17], [1], and [2]), with the same radial
geometry but with a longer cathode, (Lc = .100 m), confirmed the effect for long cathodes.
The existence of the effect appears to be a function of both geometry and operating
conditions. Those devices that are operated at low mass flow rates or are operated at
higher mass flow rates but have relatively long electrodes exhibit the dependence of the
parameter on injection site. That is, it is probable that for a particular thruster there exists
some critical mass flow rate at which the dependence begins. For mass flow rates below
the critical one, the thruster would show the dependence and for mass flow rates above the
critical one, the thruster would not show the dependence. For example, in the Japanese
work the critical mass flow rate is approximately .0006 kg/sec.
This suggests that the existence of the dependence is based upon some other fac-
tor which is a combination of the effects of length, mass flow rate and possibly other
considerations.
2.4 Dependence of the Onset Parameter on Mass Flow
Rate
The number of factors upon which the onset parameter is known to depend has increased
since experimentation began. Initially, it was thought that the parameter was a function
of the molecular weight of the propellant only. Since then, radial geometry was added
followed by axial geometry and propellant injection site. From data that will be presented
in this section, it appears that the parameter can also be a function of mass flow rate.
Table 2.4 is a tabulation of the data from the experiments by Kuriki et al[18] and
Kagaya et al[16] on similar thrusters. Figure 2.6 is a plot of the data of Kuriki. The
upper curve of the figure corresponds to 0/100 injection while the lower one corresponds
to 50/50 injection. The curve fits are
(J 2  constant
) on se(o/loo) m,'°0 7
( ) constant
Sonset(so/s•) ?m.406
It should be noted that the onset parameter calculated by Kagaya for a mass flow rate of
.003 kg/sec and 50/50 injection corresponds well with the parameter calculated by Kuriki
at .00065 kg/sec and 50/50 injection. In other words, the parameter is constant for mass
flow rates above .00065 kg/sec while the parameter increases with decreasing mass flow
rate for rates less than .00065 kg/sec. It is interesting to note from the previous section
that this mass flow rate also appeared to be linked to the appearance of the dependence
of the parameter on propellant injection site.
Table 2.5 contains data from five different sources for a thruster with a cathode radius
and length of .0095 m and .100 m, an anode radius and length of .051 m and .060 m
and 50/50 injection. Table 2.6 contains data for the full scale benchmark thruster (FSBT,
entries 96-100) of Princeton University and for the half scale benchmark thruster (HSBT,
entries 100-105). The full-scale device has the same dimensions as the thruster of table 2.5
while all of the linear dimensions of the half-scale device are one-half of the dimensions
of the full-scale thruster.
The data of table 2.5 and 2.6 are plotted together in figure 2.7. The characteristics
exhibited by the Japanese work are more evident. The trend toward higher values of the
parameter with decreasing mass flow is unmistakable. Flattening of the curve at higher
mass flow rates is equally discernible. It appears that for mass flow rates less than about
.009 kg/sec the parameter increases with decreasing mass flow. For mass flow rates greater
than .009 kg/sec the parameter is independent of mass flow rate. The curve fit for the
data is (J) constant
r' )onset - 7.295
The pattern is repeated for the data in tables 2.7 and 2.8 for other thrusters. The data
are plotted in figures 2.8 and 2.9. The curve fits are
2 constant
k onset(Lc=.loam,o/loo) r1'.5o2
J2 constant
on se(Lc=.200m) .329
From this data it is clear that the onset parameter is a function of mass flow rate under
some conditions. The same conclusion was reached by Kaplan[15] from his data. He
stated "The empirical figure of merit '() onsel' is clearly not a constant but rather a
weak function of flow rate that diminishes with increased flow rate." The dependence is
capable of causing substantial increases in the onset parameter. Corresponding increases
in I,p and efficiency are possible but have not been investigated because of the failure to
fully recognize the effect and explore its consequences.
While this data clearly suggest that the onset parameter can be a function of mass flow
rate, it also suggests that there are regions of operation for a particular thruster that should
not be affected. This is evident in the data of Garrison et al[6] and Malliaris et al[22].
The thrusters in these two studies were short and were operated between .00075 kg/sec
and .012 kg/sec. Neither study showed evidence of the dependence on mass flow rate.
This is shown in figure 2.10.
Table 2.4: Onset Parameter vs. Mass Flow Rate (Japanese Experiments)
Table 2.5: Onset Parameter vs. Mass Flow Rate (Le = .100 m, 50/50)
entry ref. M Jon sel (-)onsel
no. no. (kg) (A) x l 0I (Asec)lO 1
1 .003 16.2 87.5
2 [16] .003 15.4 79.1
3 .003 14.7 72.0
7 [18] .00013 4.8 177.2
8 .00023 4.8 100.2
9 .00045 6.1 82.7
10 .00065 7.0 75.4
11 [18] .00013 4.8 177.2
12 .00023 5.8 146.3
13 .00045 6.6 96.8
14 .00065 8.0 98.5
entry ref. m J'onse (- )onset
no. no. (e) (A)x103 (Ac)xO10 9
31 .006 21.0 73.5
33 .0015 14.0 130.7
34 [5] .003 17.0 96.3
35 .0045 19.0 80.2
36 .009 22.5 56.3
16 [31] .006 23.0 88.2
43 [17] .006 22.5 84.4
44 .006 23.0 88.2
90 [1] .003 16.0 85.3
91 [2] .003 16.8 94.1
92 .006 23.0 88.2
entry ref. m Jonset (-)onset
no. no. (i) (A)x 103 ('-T ) x 109
96 .003 16.4 90
97 .006 22.8 86.7
98 [15] .012 27.6 63.3
99 .015 31.4 65.7
100 .018 32.9 60.0
101 .00075 10.5 146.7
102 .00150 11.2 83.3
103 [15] .003 17.9 106.7
104 .00375 19.7 104.0
105 .0045 21.0 97.8
Table 2.6: Onset Parameter vs. Mass Flow Rate (FSBT and HSBT)
Table 2.7: Onset Parameter vs. Mass Flow Rate (Lc = .100 m, 0/100)
entry ref. Jionse (t )on set
no. no. (k) (A)x × 103  (A )e x 109
40 [32] .006 41.0 280.2
41 .003 32.5 352.1
Table 2.8: Onset Parameter vs. Mass Flow Rate (Lc = .200 m)
entry ref. h Jongsel ( -)ongse
no. no. (k) (A)x103  I ~ )X 109
32 [5] .006 27.0 121.5
89 [1] .003 26.0 225.3
93 [2] .003 25.0 208.3
94 .006 34.0 192.7
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Figure 2.6: Onset Parameter vs. Mass Flow Rate (Japanese Experiments)
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Figure 2.7: Onset Parameter vs. Mass Flow Rate (Lc = .100 m, FSBT, HSBT)
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Figure 2.8: Onset Parameter vs. Mass Flow Rate (Lc = .100 m, 0/100)
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Figure 2.10: Onset Parameter vs. Mass Flow Rate (L, = .100 m and Lc = .0254 m)
2.4.1 Summary
The similarity of the effects of length, interelectrode separation, propellant injection site,
and mass flow rate are striking. For all of these factors, there exists some critical value at
which the behavior of the onset parameter as a function of the factor changes. On the basis
of this change, two regimes of operation can be identified the characteristics of which are
summarized in table 2.9. The non-reactive regime is characterized by relatively inefficient
Table 2.9: Regime of Operation
thruster design and/or operation. Short thrusters with large interelectrode separations
operated at high mass flow rates yield relatively low values of the onset parameter. The
more efficient reactive regime is the result of longer thrusters with lower interelectrode
separation operated at lower mass flow rates. Higher values of I,p and efficiency are
expected in the reactive regime. The thrust can also reach higher values for a given
mass flow rate. A value of each factor (L, h, or 7r) exists at which the operation passes
from one regime to the other. For example, the critical mass flow rate for the Japanese
thruster is approximately .0006 kg/sec and is approximately .009 kg/sec for the .100 m
"benchmark" thruster.
The link between these effects suggests that the onset phenomena is not the result
Thruster Expected Onset
and Values of Parameter Regime
Operation Te and U
Short thruster Low Te Low value
Large h Low U Independent of rih Non-
high r Independent of injection site Reactive
Relatively insensitive to h
Long thruster High Te High value
Small h High U Dependent on rh Reactive
Low M' Dependent on injection site
Relatively sensitive to h
of some combination of global parameters (total current, mass flow rate, geometry, etc.)
which lead to voltage oscillations but instead is an indication of the state of the plasma
at some critical location in the thruster.
Chapter 3
Dispersion Relation
From the preceding chapters, it is clear that a rapid and severe instability exists when the
device is operated at high values of the onset parameter. Though many theoretical expla-
nations of the onset phenomena have been suggested, no theory has won overwhelming
support. Many show promise in narrow ranges of operation but fail over broader ranges.
Some have no possibility of explaining clearly important effects such as the fuel injection
site, interelectrode separation, and length.
An instability that has not been fully explored in relation to MPD devices is a thermal
type instability. In general terms, this instability would exist near full ionization when the
energy of ohmic dissipation could not be absorbed by the energy expended in creating
new electrons through ionization. Aside from heat conduction, collisional energy transfer
between the electrons and heavy species, and ambipolar diffusion, the only remaining
place for the excess energy to go is into raising the electron temperature. Since electri-
cal conductivity is a positive function of electron temperature, increases in the electron
temperature would cause further increases in ohmic dissipation, leading to the instability.
This is the motivation to explore the possibility that this type of electrothermal insta-
bility exists under those conditions and causes the onset phenomena. In this chapter I
derive a dispersion relation for a one-dimensional, two-fluid MPD model. To facilitate
the derivation of the dispersion relation, the following assumptions are made:
1. The plasma is quasi-neutral which implies that the electron density is equal to the
ion density.
2. All heavy species have the same temperature.
3. The electron temperature is uncoupled from the heavy species temperature.
4. Loss of energy from the plasma through radiation is insignificant.
5. Perturbations to the heavy species parameters (p, U, Tg) are small compared to
perturbations to the electron parameters (re, Te, B, E) and are ignored.
6. A quasi-one-dimensional channel is modeled. Figure 3.1 shows the channel under
consideration. The electrodes are infinitely long and infinitely deep parallel plates.
This implies that 1 = O.The interelectrode separation is h.
7. Initially, the electron density has a parabolic profile across the channel.
8. The analysis is confined to the investigation of the behavior of waves which grow
or decay in time and have no spatial dependence. Consequently, the frequency is
assumed to have both real and imaginary parts while the wavenumber is assumed to
be real only.
Z
Figure 3.1: Model Channel
3.1 Basic Equations
Allowing these assumptions, the plasma state can be defined by two electron equations,
two field equations and an overall density equation.
3.1.1 Electron density
The processes that affect the electron density are ionization, electron-ion recombination
and ambipolar diffusion. I have used the Hinnov-Hirschberg model [11] of ionization
and recombination. This model is based upon an analytically derived and experimentally
confirmed recombination rate and the principle of detailed balancing. Though there ap-
pears to be some significant differences between the ionization rate from this model and
rates based upon the ionization cross-section, in the absence of experimental data on the
ionization rate itself this model is reasonable and will be used here. Neglecting ambipolar
diffusion for now, the change in electron density is given by
me = RS.en, - Rnr (3.1)
where the ionization and recombination coefficients are
1.09 x 10-20 m 6
Tey Sec
(Te in degrees K)
E.
S = 2.9 x 1022Teie ( m )
Ambipolar diffusion reduces the electron density through diffusion of electrons along
density gradients. There are two directions for diffusion to take place. The parabolic
density profile is given by
fle(XT, Z) = 2%'e(z) [ h.- 22 ]
Differentiating the equation twice
a2 e 12ne
8 z2 - h2
This gradient is responsible for the diffusion toward the walls. Diffusion can also take
place in the x-direction if a density gradient exists in that direction. The total ambipo-
lar diffusion rate is given by the sum of these two density gradients multiplied by the
ambipolar diffusion coefficient.
=Da[(2  e 12 e] (3.2)
adt O [ dx2 h2 J
where the ambipolar diffusion coefficient [12] is
Sib T Te1 1 mDa = 4mg + (s0(n+n )
4 .T e) sec
and the ion-neutral collision cross-section is estimated as
Q0, = 1.4 x 10-"' (m2)
Combining equations 3.1 and 3.2, the complete electron density equation is
Dn - + U(- = .e++ =e1
RSneinn - Rn' + Da -2 12n (3.3)
3.1.2 Electron Energy Equation
The processes that affect the electron energy equation are changes in the electron tem-
perature, ionization, recombination, heat conduction and energy transfer between heavy
species and electrons due to elastic collisions. The rate of change of electron energy due
to changes in the electron temperature and density is
3 DTe 3
-ikn +-kbTeine2 DI 2
This internal energy change must be balanced by the sum of the external changes. This
balance defines the complete electron energy equation. When an electron is produced by
electron impact ionization the total electron energy is decreased by the ionization energy
of the gas. Conversely, when an electron and an ion recombine, the total electron energy
is increased by the ionization energy.
ieE i = [RSnenn - Rin3]E
The following three expressions define heat conduction, ohmic dissipation, and collisional
energy transfer. Note that heat conduction and collisional energy transfer decrease the
electron energy while ohmic dissipation increases the electron energy.
8 /8K Te
crE
3e :nevk(Te - Tg)
mg
Combining these factors, the complete electron energy equation is
2 ek D kTee = -eE + Ke Te + E - 3--nekb(Te - Tg)2 Dt 2 TXe~ (e 8 ax 8,mg
3 DTe 3 8 /8 Te me2•e• + [RSnene - Rn'][Ei + kTe] - - Ke = crE' - 3-meevkb(Te - Tg)
(3.4)
where a is the Spitzer-Harm conductivity [25]
3
Ti mhos
= .0153 (
Te m 2
Ke is the coefficient of thermal conductivity [25]
Ke= 5 k ,eTe wais)
2 mev m.sec
v is the electron-heavy species collision frequency [25]
3.64 x 10- ,e~ThA 1
Ssec
and [25]
A = 1.24 x 10 - n
3.1.3 Field Equations
The two field equations needed are one of Maxwell's equations and the combined Am-
pere's and Ohm's law equation. The Hall effect has been neglected here.
3B dE
-- 8x (3.5)
1 dB
oE = (3.6)
3.1.4 Overall Density Equation
It is necessary to have an relationship to link the densities of electrons and neutrals to the
overall density.
e + n = (3.7)
mg
3.2 Zeroth-Order Equations
To begin the analysis it is necessary to define the zerolh-order state of the plasma. To
keep the analysis general, it is desirable to non-dimensionalize the plasma parameters. To
clarify the derivation of the dispersion relation, these non-dimensional parameters will be
introduced here somewhat before their use.
7 e =
E- 3
( Te - Tg 2T•e - T•T 12D
M = ( + o3
(h )Ok 3K
([RSnennk - R 23][Ei + 2kbTe])o
(h )K12Dan)o
The choice of the non-dimensionalizing quantity in each of these defintions is rather
arbitrary though a physical meaning exists for each of the parameters. For example, c is
the ratio of the energy transferred in elastic heating to the electron energy lost through
ambipolar diffusion. The other definitions have similar physical significance. However,
the first three, a, 0, and X, are especially important. a is the degree of ionization. Q
is the non-dimensional frequency of the instability. The sign of the imaginary part Q
will establish the stability of the plasma while its magnitude will define how stable (or
unstable) it is. The real part of ( represents the frequency of the instability. X is the
non-dimensional wavenumber. Since the dimensional wavenumber, k, is related to the
wavelength of the instability ,Au,, by
x can also be expressed as
2rh
3.2.1 Zeroth-Order Electron Density Equation
The zerolh-order electron density equation is obtained by taking the zerolh-order of each
of the terms in the electron density equation (eq. 3.3). Since 0 = , the zero-order
equation is
(De) = (RSne•. - Rn3:)-(Da !e)- o (3.8)
Dividing each term by ( h ), and substituting the non-dimensional parameters yields
(RSnenn)o
S=- y- 1 (3.9)
3.2.2 Zeroth-Order Electron Energy Equation
The zeroih-order electron energy equation is obtained in a similar manner from the com-
plete electron energy equation (eq. 3.4). The zeroih-order equation is
3 DTe\ 33ek DTe + [RSnen, 
- Ran]o[Ei + kbTe] =
(rE 2 )0 - 3 me evk(Te - Tg)) (3.10)
Dividing each term by ([RSen.n- Ra3]l)o[Ei +kbTe,], using equation 3.9, and substituting
the non-dimensional parameters yields
[(6 + 1)(A + 1)X + c] h12 e kbTe. = (crE 2 )0  (3.11)
3.3 First-Order Equations
To obtain the first-order equations, the electron parameters (ne, Te, B, and E) are assumed
to have the form () = ()o +F , where ()0 is the value of the parameter in the zero h-order
state and ? is a perturbation of the parameter. The non-linear terms in the perturbation
are dropped and the zero6h-order state is factored out. The perturbation is then assumed
to have plane wave solutions in the x-direction of the form ) = () exp i(wt - ks).
3.3.1 First-Order Electron Density Equation
Substituting () = ()0 + ( into the electron density equation (eq. 3.3) gives
D(e. + ne = (Ro + R)(So + -S)(e. + •-)(,n. + W,,) -Dt
-
- f82(n."+o,~~)a(8'e, + fle) 1 2(Te, + me)(Ro + R)(ne. + W)3 + (Da. + Da) (9 s( +' -  W )
Setting the non-linear terms in () equal to zero and factoring out the zero-order equation
(eq. 3.8) gives
D•-;
= RoSoe.•-Vn + RoSo•-•-n. + RoSge. .ns + RSome. n.Dt
_3R,2e ee--z [ S'• 12-'e 12Dane3R - R , + Dal [ 1 h2 (3.12)
Since the plasma is assumed to have constant density, ,-e = -WW. The ionization, recom-
bination and diffusion coefficients are functions of Te only (Da is a function of Te, Tg,
and p, but only Te is allowed to vary), so the perturbed values are
(dS - Te
dTe 0a Tee
(dR ) 9- )Te
d-Te 2 Te.
Da 2_ = Da (e
-D = d Te Da0 4f + 4 Teo
Substituting these definitions for the perturbed coefficients into eq. 3.12 and introducing
a and f gives
Dne (RS )o 1 - 2a +(X_ •9• +
Di 1 - a ne, 2 Te
(Rn3) r3 - 9) Te
e I he, 2 Te,
D r9 - 12We]
12Dae (4f+ Te (3.13)
Since the solution is assumed to take the form () = ()exp t(wi - kx), the derivatives of
the perturbed quantities are
SW() exp i(wt - kx) = w() (3.14)
a8 F2 (3.15)
= -sk~ (3.16)
= -k (3.17)
It must be noted that the substantial derivative of ýe is
D-• a +U -~e = t(w - Uk)v• exp i(wl - kx)
where (w - Uk) is the frequency that exists in the plasma frame. This is the frequency
that will be used in further analysis.
Substituting the appropriate derivative term into eq. 3.13, using the definitions for the
non-dimensional frequency, 0, and the non-dimensional wavenumber, X, and dividing each
term by (exp i(wj - k)))(, n )o, the first-order electron density equation is obtained.
ast = (X+,+111)-_____ +(x-•) -
_!e( + + 1 - 2a ..is + (X -
7 [3Te(- (9)Tn ee 2 Tee
( +e 2 -e (3.18)4 + 4 Te, ne, nee
To simplify the derivation of the dispersion relation, eq. 3.18 is rewritten in the form
A,-- + A 2  = 0 (3.19)
n ee Te,
where
A, - + -y+ 1)(1- +3,y+1+X 2
and
9 9 2f + 3
A 2 = -(A + + 1)(X - ~) + 2f+2 2 4f1+4
3.3.2 First-Order Field Equations
The two field equations, eq. 3.5 and 3.6, can be combined to express E in terms of
E0. The result will be used in the following section to complete the derivation of the
first-order electron energy equation. In the plasma frame the linearized form of eq. 3.6 is
cog + TEO = - ) (3.20)/1' (9X
Since •hA is only a weak function of density, a is approximately a function of Te only
S Te=( Te)o (3.21)dTe 2 Tel
and from eq. 3.16
-B
Te = -Sk B exp i(wt - ks) (3.22)
Substituting eq. 3.21 and eq. 3.22 into eq 3.20 and dividing each term by exp i(wt - kx)
gives
o +3 )aoEo k (3.23)2 Tee Po
Linearizing Maxwell's equation (eq. 3.5) and substituting the appropriate derivative equa-
tions (eq. 3.14 and eq. 3.16) gives iB = -E. Substituting this expression into eq. 3.23
and simplifying gives
2 = oeo +(3.24)
0o-,pa + k2
or
2 = o e.- (3.25)
co/0 tw + k2
3.3.3 First-Order Electron Energy Equation
The first-order electron energy equation is derived in a manner similar to that used for
the electron density equation though the algebra is slightly more involved. The collision
frequency is a function of Te and ne so the perturbed value of the coefficient is
Sd-e \ -i 3 Te
7 = iTe + ne = Ve, -- ()SdTe a dneo a Te. 2 Ter
Substituting () = ()o + 0 into eq. 3.4, setting the non-linear terms in the perturbation
equal to zero, factoring out the zero-order equation (eq. 3.10) and introducing the non-
dimensional parameters gives
3 DTe 3 DTe,
-- e+k + 1--e - +2 DI 2 Dt3, b 1 - 2a We 9 Te-(RSRenn - Re)a((kbTe) + (RSnenn)o 1 - c2 1 - a )e 2 Te_
(R 3)o 3 - 9() - Ke T
L Tee 2 Te) l 2  (
(E 2)0  )e, + 2 -(3 n ev k b(Te - Tg))o Te+ e (3.26)2 Tee E0 M I Tee ne
The ohmic dissipation term is the combination of two factors. The factor associated with
the zero-order equation, (c-E2 )0, can be expressed in non-dimensional terms with eq. 3.11.
[(6 + 1)(A + 1)X + c] ( 2Da e kbTe. = (cE2 )o
The other factor of the ohmic dissipation term can be simplified using eq. 3.25.
E 3 Te
+ 2 ()Eo 2 Te, o'0,,w + k2
Simplifying and combining the previous two equations, the complete ohmic dissipation
term can be rewritten as
(oE 2)[( 3 Te
1e 2 +2 =Eo
3 12Dane\
-[(6 + 1)(A- + 1)X + c] 2(o
2 h 2
k2 + opo %W) Te(kbTe.) k Jo TTe,
Substituting the appropriate expressions for the derivative of the perturbation terms in the
plasma frame, using eq. 3.27 and dividing each term by exp i(wi - kx), eq. 3.26 reduces
to
(RSnefn - R')o( 3 kbTe)2 + (RSnenn)o
3. 3 DTe
-sw•skbo•e + -7ekb. +2 2 D2
1 - 2a ?e 2 Te(J
(Rn 3 )o 3 ýee Le, 92 Te + k2KeeTe 0
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Te. The]
(3.28)
The derivation of the first-order electron energy equation is completed by dividing each
term by (12~Dl )okbTe,. Note that by using eq. 3.9, (1 h,)okbTe, can be rewritten in
terms of y and A. It is also necessary to use the definitions of c, 0, 8, X, K and M. The
completed equation is
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The equation can rewritten in the form
A3 2e + A 4•- = 0o (3.30)
neo e.
where
A3 = 6(A + 1)X + X(A+ + 1) - 2 -  3Xy + 2c
and
3 3 9 9
A 4 = -3st+(A+1)+X(A+ +1)(X-- )+9 Xy+KX 2 -2 2 2 2
3-2 -2 M _ t '
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3.3.4 Derivation of the Dispersion Relation
The dispersion relation is the simultaneous solution of the first-order electron density and
electron energy equations, eqs. 3.19 and 3.30. It can be written as
AAA4 - A3 = 0 (3.31)
or after some simplification
iQ+(A+l)+3Xy3-[(6 +1)(A+1)X+c] 2 +( M( cf 2 X2
X2 +%M 3 3 +
2 1+X2 + ++6(X + 1)_+C I+( )X(A + X + 1)(X - ) 1 + X + 1)0 (3.32)3 2 %QX++3-y- (A+y+1)()-2
where
S(S(A + 1)(A + + 1)(1 -2 3 2c
(A +r + 1+)(X- ) 1 )--c  X
The dispersion relation can be written in various forms to emphasize different charac-
teristics of its behavior, but it is clearly cubic in the non-dimensional frequency (io). It
can therefore be expressed
M(-i) 3 - V(%i) 2 + Z(iQ) + Y = 0 (3.33)
In this equation, M is as defined earlier and V, Y, and Z are complicated functions of the
non-dimensional parameters and the non-dimensional wavenumber X. The full analytical
expressions for V, Y, and Z appear in appendix B but are expressed here as
V = V2 2 + Vo
Y = y&X6 + Y4X6 + Y a2 X
Z = Z4x' + Z2X 2 + Zo
Equation 3.33 is the expression upon which all further analysis is based. The solution
is dependent upon a set of plasma conditions (including h) and wavelength that uniquely
define all of the non-dimensional parameters. Given a complete set of these conditions,
the solution of eq. 3.33 will determine the rate of growth or decay of perturbations, the
existence of waves, and the frequency of those waves as a function of wavelength.
Chapter 4
Stability Analysis
As shown in the previous chapter, the dispersion relation is a function of the conditions
existing in the plasma and the wavelength under consideration. Though there is some
freedom in the choice of those conditions, six are needed and the set that will be used
here is h, Te, Tg, ca, p, and j. It is more convenient to use the current density, j, than E
though they are interchangeable through (rE 2 )o = (2)0.
In this chapter, the general behavior of the dispersion relation will be explored by
varying one of these parameters while holding the others constant. The conditions chosen
are realistic taken individually but are not intended to represent the actual conditions that
may be present in an MPD plasma. They were chosen only to demonstrate the behavior
of the dispersion relation as a function of those conditions.
Before discussing the general behavior of eq. 3.33, it is necessary to define the stability
criterion. The perturbation was defined as T = ()exp i(w~ - ka). Since w = WR + iwj, the
perturbation can be expressed as () = ()exp (wRt - il - iks). In this form, it is clear
that an instability will grow with wI less than zero. The stability criterion is
•I < 0 unstable
fI = 0 threshold of instability
Qi > 0 stable
4.1 Stability Behavior as a Function of Wavelength
Given any complete set of plasma conditions, the coefficients V, Y, and Z, of eq. 3.33 are
functions of the non-dimensional wavenumber X only. Since it is cubic in in, equation 3.33
is expected to have three solutions, (in)1, (in)2, and (iQn) for every value of X. Therefore,
three branches of the solution exist, each of which is a function of X. Clearly, the branch
that is the most unstable (most negative Qi) should be investigated.
As with any cubic equation, complex solutions are possible and come in complex
conjugate pairs. That is, the solution has three real roots or one real root and two roots
which are complex conjugates. Since iQ = iQR - QI, three real roots correspond to three
values of 0I and fR = 0. On the other hand, if complex solutions exist then only one
branch of the solution is real. The other two correspond to the complex conjugate pairs
implying the existence of waves with exponentially increasing or decreasing amplitude.
To get a thorough understanding of the instability it is useful to first explore the limits
of eq. 3.33 as X -- oo0 and X -- 0. Since X = 1h, these limits correspond to A• - 0
and A, - o0o.
4.1.1 Stability for Short Wavelengths (X o co)
As X -- oo, the coefficients become dominated by their highest order terms in X.
V- V2X = (-1 - M - ()KM) X2 < 0
Z • X = (I + (')K + M()K) x' 4> 0
Y -Y'= (2)k)X >0
Substituting these expressions into eq. 3.33, the dispersion relation can be approximated
by
M(in) 3 - V2X2(in) 2 + Z4X'(i) + Y6X 6 = 0 (4.1)
For sufficiently high values of X, all solutions to eq. 4.1 have it < 0 implying 0, > 0.
Then, for small wavelengths the plasma is stable regardless of the particular choice of
plasma conditions. The physical basis of this result is that at small wavelengths, the
gradients become steep and heat conduction can dominate the behavior of the dispersion
relation. It can also be shown that as X -- oo, complex solutions become impossible.
Therefore, at small wavelengths perturbations of the plasma exponentially decay with
zero frequency.
4.1.2 Stability for Long Wavelengths (X -, 0)
As X -- 0, the coefficients of eq. 3.33 become dominated by their terms which are
independent of X.
V - Vo
Z -+ Zo
and eq. 3.33 reduces to
M(ia)3 -VoX2(it) + ZoX4(in) = 0 (4.2)
One solution of eq. 4.2 is f4 = 0. Therefore, for X -- 0, at least one branch of the
solution is real and at the threshold of instability regardless of the plasma conditions. The
other two solutions are given by
M(s•)2 - Voit + Zo = 0 (4.3)
or
Vo ± /VoF -4 MZo4.(tQ)23s = 2M
V2
It should be noted that if Vo < 0 and 0 < Zo < i-, then QI, = 0, Oh,, > 0 and
V2
real; the plasma is at the threshold of instability. Complex solutions exist if Zo > 4•.
Though the condition is numerically possible, physically reasonable plasma conditions
are not consistent with Zo0 > V1 implying that waves will not exist as X -t 0. The
non-dimensional phase velocity, QR/ X, becomes infinite as X - 0 also implying that the
waves are not possible for these large wavelengths.
4.1.3 Numerical Examples
The limiting behavior just described should be a characteristic of the solution to the
dispersion relation for every choice of plasma conditions. In particular, waves should
not exist at high and low values of X but may exist at intermediate values. The plasma
should tend toward stability as X is increased. Figures 4.1 and 4.2 show typical plots of
Qf versus X. Figure 4.2 is a portion of figure 4.1 over a narrow range of wavenumbers
to show detail.
Some characteristics of figures 4.1 and 4.2 are clear.
* For X > Xcri, the plasma is stable. All three branches of the solution to eq. 3.33 are
real and positive. Perturbations to the electron conditions will decay. A primary cause
of stability is the increased influence of heat conduction at these low wavelengths.
* For X = Xcrij, the plasma is at the threshold of instability. Perturbations will neither
grow nor decay. II, = 0 and 12,, > 0.
* For X < X9r;, the plasma is unstable. The lowest branch of the solution to eq. 3.33 is
negative. The maximum growth rate is approximately 2.1 x 104 per second indicating
that perturbations to the electron conditions grow and can cause instability.
* The rate at which they will grow is exp([growth rate][residence time]). The residence
time is approximately AM ./ = 1.0 x 10- 5 sec. The exponent is then .21 which10,0o0 m sec
indicates a weak instability that will cause perturbations to grow by only 20% in one
residence time.
* For X = 0, the plasma is again at the threshold of instability.
* For these conditions the solution of the dispersion relation gives real values only.
That is, OR = 0 for all values of wavelength. The perturbations to the electron
conditions either grow or decay exponentially with no wave behavior.
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Figures 4.3 and 4.4 show plots for conditions where both real and complex solutions
are possible. The plasma conditions are identical to those of the previous two figures
except that the current density has been increased. The stability behavior is also similar
except in the range of wavenumbers where a non-zero frequency exists.
* For XCiM < X < XCi. 2 only one purely real solution to eq. 3.33 exists. The other
two solutions imply that a wave exists through some range of wavelengths.
* Though it is not apparent from either figure, Q2,,, goes from negative to positive
values as X is increased in this range. Therefore the wave can be either stable or
unstable depending upon the wavelength of the wave.
* As expected the frequency of the wave is zero at X = Xcrit, increases to some
maximum value and then decreases to zero at X = Xei 2.
* The phase velocity of the wave ( ) ranges from zero to approximately 2,200 m/sec.
* Clearly, these conditions are more unstable than those of figures 4.1 and 4.2 due to
the higher current density. The maximum growth rate occurs at a higher wavenumber
and is approximately 4.5 x 106 per second.
* This is an extremely powerful instability. The exponent has increased from .21 to
45 and perturbations are expected to grow explosively.
* The existence of complex solutions can be thought of as the merging of two real
solutions. Since one of these solutions has increasing 0i the growth rate of the wave
must be less than the growth rate of one of the real solutions. In other words, the
travelling wave cannot be the most unstable mode in the plasma.
h = .020 m
Te = 15,000 K
Tg = 3,000 K
alpha = .9
density = 1.0 e-4 kg/m^3
j = 5.0 e+6 A/m^2Omega I
800
600
400
200
0
-200
40
30
2 4 6 8 10
Non-dimensional Wavenumber
Figure 4.3: Growth rate vs. Wavenumber (0I,2, ,  complex solutions)
h = .020 m
Te = 15,000 K
Tg = 3,000 K
alpha = .9
density = 1.0 e-4 kg/m^3
j = 5.0 e+6 A/m^2
Non-dimensional wavenumber
Figure 4.4: Growth rate vs. Wavenumber (0i., complex solutions)
1000
Omega 11
Omega 12
Omega 13
-9--
-U-
OmegaR
2 4 6 8 10
4.2 Stability Behavior as a Function of Interelectrode
Separation
The previous section showed the cubic nature of the dispersion relation. However, to
explore the stability of the plasma only the most unstable branch ( most negative QI) must
be investigated. In the following sections of this chapter only that branch is discussed
and shown in the figures.
The only process that is directly affected by changes in the interelectrode separation, h,
is ambipolar diffusion. In the zerolh order state ambipolar diffusion is given by .
Diffusion stabilizes the plasma by allowing diffusion of electrons from high density regions
to low density regions. Therefore, it is expected that lower values of h should lead to
increased diffusion and increased stability.
Figure 4.5 shows the stability of the plasma as a function of h for various values
of current density. For each curve (j = constant) decreases in h drive the plasma toward
stability as expected. It should be noted that the slopes of each of the curves near threshold
(0, = 0) are different. The conditions which give the lowest values of h at threshold show
the greatest sensitivity to changes in h. This can be seen more clearly in figure 4.6 which
shows the relationship between the current density and the value of h at threshold. The
square of the current density increases dramatically as h is decreased and is relatively flat
for higher values.
It is clearly inappropriate draw a direct parallel between the behavior of -L at thresholdp
and •- at onset due to the arbitrary choice of plasma conditions in this example. However,
the behavior of figure 4.6 is very similar to the behavior of figures 2.4 and 2.5 and suggests
the possibility that the dependence of the onset parameter on h is the result of the effect
of ambipolar diffusion.
Omega I
2
0
-2
-4
-6
0.00
8.uue+1 ;
6.00e+13
j^2
(AA2/m^4)
4.00e+13
2.00e+13
0.00e+0
0.00
0.01 0.02 0.03 0.04 0.05
Interelectrode Separation (m)
Figure 4.5: Growth rate vs. Interelectrode Separation
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4.3 Stability Behavior as a Function of Heavy Species
Temperature
The heavy species temperature affects the electron-ion collisional energy transfer rate and
the rate of ambipolar diffusion. The rate of energy transfer is given by
me3T1eivkb(Te - Tg)
mg
The rate of ambipolar diffusion is affected through changes in the diffusion coefficient.
rkbT, Te 1
D4 =1 11-+Tg, Q&n(nn + ne)
Electron-ion collisions can be thought of as stabilizing for conditions where the electron
temperature is greater than the ion temperature. That is, high energy electrons are capable
of transferring energy to the relatively low energy heavy species and relieving a potential
instability. This implies that decreases in the heavy species temperature should be stabi-
lizing. However, decreases in the heavy species temperature will reduce the coefficient
of diffusion which should be destabilizing. Therefore, some tradeoff is expected which
could be capable of creating conditions of maximum or minimum growth rate. Since the
rate of diffusion is low for low values of Tg, collisional energy transfer should dominate
while at higher values of T9 diffusion should dominate.
Figure 4.7 shows the stability of the plasma as a function of heavy species temperature.
A maximum growth rate does exist for some conditions. As expected, increases in Tg at
low values of Tg are destabilizing indicating that collisional energy transfer is dominating.
At the value of Tg for maximum growth an equality exists between the two effects. At
higher values of Tg increases in Tg are stabilizing showing that diffusion is dominating
the behavior. Another important characteristic is relative effects of changes in Tg and Te.
An order of magnitude change in Tg changes the value of QI by less than a 2.5% change
in Te. Clearly, the stability of the plasma is relatively insensitive to the value of Tg and
very sensitive to Te for these conditions.
h =.0415 m
Te = 14,500 K
alpha = .9
density = 2.5 e-4 kg/m^3
j = 2.0 e+6 A/m^2
chi = 1.5
-a--~- Te = 14,250 K
Te = 14,375 K
Te = 14,500 K
Te = 14,625 K
0 10000 20000
Heavy Species Temperature (K)
Figure 4.7: Growth Rate vs. Heavy Species Temperature
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4.4 Stability Behavior as a Function of Electron Tem-
perature
As shown in the previous section, the stability of the plasma can be an extremely strong
function of electron temperature. Though the detailed dependences of the non-dimensional
parameters on Te are quite involved, intuitively it is expected that higher values of Te
should be destabilizing. That is, if the electron temperature is high, the conductivity is
high and the plasma should be less capable of absorbing excess energy.
Figure 4.8 shows the stability of the plasma as a function of Te. The plasma is less
stable for higher values of Te as expected. Again, it is clear that the stability of the plasma
is a powerful function of Te; almost a full magnitude change in current density has less
of an effect than a 10% change in Te.
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4.5 Stability Behavior as a Function of Density
Density is also a parameter that affects most of the processes. Using a similar argument
as the one for Te, the plasma should be less capable of absorbing energy at low densities.
A low density plasma implies that the pool of electrons is relatively small and therefore
more sensitive to increases in excess energy. This is precisely the behavior this is found
in figure 4.9. For any particular curve, the plasma becomes less stable as the density is
reduced.
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4.6 Stability Behavior as a Function of Current Density
The primary source of energy that drives this instability is thought to be the energy
associated with ohmic dissipation. This is particularly evident in this model since current
density is a free parameter. Arbitrarily increasing the current density increases the energy
that must be absorbed by the other processes. At some point the excess energy can only
go into raising Te, which increases the conductivity fueling further increases in ohmic
dissipation. This is the behavior that is shown in figure 4.10. For each curve, increasing
j is destabilizing.
But there are other effects that must be discussed. For Te=14 ,750 K, the plasma is
unstable even for very low values of current density. Ohmic dissipation cannot be the only
process driving the instability. In the most general case, any sort of imbalance between
competing processes is capable of causing an instability. This can be seen in the dispersion
relation itself by separating the effects of ohmic dissipation from the effects of the other
nsroces•e~
4
S2
0
-2
.4
-6
-8
h -. 0415 m
Te = 14,500 K
Tg - 3,000 K
alpha = .9
density = 2.5 e-4 kg/m^3
chi = 1.5
-- Te= 14,250 K
--- T = 14,500 K
--- Te = 14,750 K
0.00e+O 1.00e+6 2.00e+8 3.00e+6 4.00e+6
Current Density (A/m^2)
Figure 4.10: Growth Rate vs. Current Density
To clarify the effects of ohmic dissipation on the stability of the plasma some approxi-
mations are helpful. For most MPD plasma conditions recombination is a relatively minor
effect. In most of the previous numerical examples, the recombination rate did not exceed
15% of the ionization rate. If Da, the perturbation of the ambipolar diffusion coefficient,
is also small compared to (A + 7 + 1)(X - 2) then both - and 0 can be omitted from the
dispersion relation, eq. 3.32. This is a convenient way to exclude these complications
from the qualitative analysis of the dispersion relation, but these terms should be included
in any numerical analysis. After these approximations are made the dispersion relation
becomes
i) +(A+ 1) - [( + )(A- + 1)X + c] - + ( 3 )cf + ( )i +
/X + 3RM
(-)X(A 1)(X - 1+Xa 2+i+(A+1)+c( )X(A + 1)(X - + X2 + =0 (4.5)3 2 - (A+ -)
To further simplify the analysis it will be assumed that the plasma is near threshold
(iQ , 0) at very long wavelengths (X x 0). However it should still be recognized that
negative terms in the following expressions are destabilizing because they allow negative
values of Qj. Equation 4.5 can be rewritten as
(+ 1) - [(6 + 1)(A + 1)X + c] + (2)cf +
2 9 1++6(A&A+1)+ +( )X(A + 1)(X - 9) 1-(+ -_- = 0 (4.6)
By defining the following quantities the effects of each process can be separated.
E, = (RSne•n)okbTe.
ED = h2 o) kTe.
E = (rE 2)0
Ec = (3e nRevkb(Te - Tg))a
mg
Using the definitions of the non-dimensional parameters, eq. 4.6 can be rewritten as
2 ()(X- (XED -XE + Ej + Ec)
EI - Ej + ( )Ec + = 0 (4.7)
1- D
By collecting terms for each process eq. 4.7 can be expressed as
kjEj + k1EI + kcEc = 0 (4.8)
where [ 1 - 2- + 2 )(X 9+ E,
1 - o ED )] 3 2 ED
kj= 1 1- 2c)(EI ) ( )X(X- +( ()X(X -)1-a EED] 3 2ED 2
k=( 2 1 1- 2a( )( )1 +( )(X -E
S1-a ED 1  3 2 ED
The last term of k, is an effect due to ambipolar diffusion that can be expressed in
combination with EI.The full implications of eq. 4.8 will be discussed in more detail in
the following chapter. But, it is clear that this expression isolates the effects of changes
in current density from the other processes. If k--0 or ohmic dissipation is very low, the
stability of the plasma near onset is independent of ohmic dissipation and the stability
behavior is described by kEI + kcEc = 0. To find this critical point, kj is set to zero
and solved for ca.
Cri =  + + ( 2 ED (4.9)
-1 + 2 + (X- 9)D D
This expression is a very weak function of . For K > 1, the critical ionization
fraction is given by
1 + 2(X- -)
2 + 2(X - 9)
For Te= 15,000 K, arui = .877. If = 1, then the acr = .860.It should be noted that
all of the previous examples in this chapter were run at ionization fractions greater than
Two regions of instability exist that are linked at this critical ionization fraction where
kj = 0. For a > oa;i, kj is negative, the plasma is destabilized by increases in ohmic
dissipation and can be driven to high growth rates by large values of current density.
These are the conditions that exist in figure 4.10 and were discussed at the beginning of
this section.
However, another region of instability is possible for low ionization fractions where
increases in current density are stabilizing. The physical basis for this instability, par-
ticularly the source of the energy to drive it, is not obvious. One possible source is the
reservoir of energy that exists between the electron temperature and the heavy species.
In any case, two regions of instability are possible and can be defined by the behavior
of the plasma as a function of ohmic dissipation. This is an important characteristic of
the plasma and will be discussed in more detail in the next section and in the follow-
ing chapter. It should be noted that by relaxing the approximations made in this section
"correction" terms will be added to eq. 4.8 but will not change its general behavior.
4.7 Stability Behavior as a Function of Ionization Frac-
tion
The stability of the plasma as a function of the ionization fraction is dominated by the
effect described in the previous section. Figure 4.11 shows the critical point clearly. For
low ionization fractions, the plasma is stabilized by increases in current density. 0I is
large and positive for the highest values of j. As the ionization fraction approaches the
critical value, the curves of constant j merge and the stability becomes independent of
current density. In this example, the transition occurs at ac ;.88 and a, slightly negative
(unstable). This value of acrij is consistent with the predictions in the previous section
indicating that the approximations that were made were reasonable for these conditions.
As the ionization fraction is increased beyond ori&, increases in current density become
very destabilizing.
Though instabilities in both regions are possible, the region associated with oa > ocrif
is expected to be more capable of causing explosive growth rates. For instabilities with
relatively low ionization fractions, the growth rate is bounded by the curves of lowest
current density. However, in the high ionization fraction region the growth rates are
unbounded and very high values are possible. The curves of figure 4.11 for j > 2.5 x 106
are quite steep for ot > acrit and for all but the lowest values of current density the plasma
ic vP"r nstahlP.
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4.8 Summary of the Stability Analysis
The stability of the plasma as a function of the plasma conditions has been investigated
in this chapter. Though an attempt was made to choose realistic conditions, it must be
recognized that the complete set chosen in any particular example may not be consistent
with those that exist in an actual MPD plasma. This limitation will be addressed in the
following chapter by applying the stability model to the results of a numerical model of
MPD flow.
This limitation not withstanding, the results of the stability analysis have established the
general behavior of the dispersion relation as a function of the plasma conditions. These
dependencies are summarized below and where applicable compared to the experimental
dependencies examined in chapter 2. The conclusions are based upon instabilities that
occur for a > atcri.
1. The plasma is stable for very short wavelengths for all choices of plasma conditions
due to the damping effect of heat conduction.
2. The plasma is, at best, at the threshold of instability for infinitely long wavelengths.
If the plasma is unstable at any wavelength, then a maximum growth rate must exist
at some intermediate wavelength.
3. The instability is capable of creating a travelling wave with exponentially increasing
or decreasing amplitude. If such a wave exists, it cannot be the most unstable mode
in the plasma; a purely growing instability at some other wavelength must also exist
that has a greater growth rate.
4. The plasma is stabilized by decreasing the interelectrode separation. The rate of
stabilization appears to increase with decreasing values of h. Both effects are due to
ambipolar diffusion. These results are in good agreement with those of the experi-
ments cited in chapter 2. This can be seen from an analytical standpoint from eq. 4.8.
The last term of k. is the contribution of ambipolar diffusion. As h is decreased its
relative importance is increased.
5. The stability of the plasma is a relatively weak function of heavy species temperature.
As a result of the tradeoff between ambipolar diffusion and electron-ion collisional
energy transfer, a maximum growth rate may exist that is a function of Tg. However,
in general, increasing values of Tg appear to be stabilizing.
6. The stability of the plasma is a strong function of electron temperature as expected.
The plasma is stabilized by decreases in Te as a result of the corresponding decreases
in ohmic dissipation.
7. The plasma is stabilized by increases in density. This is consistent with the ex-
perimental results that show that increasing mass flow rate at constant total current
drives the operation toward stability. However, no conclusion can be drawn about
the behavior of the onset parameter or its dependence upon mass flow rate.
8. The effects of current density and ionization fraction are strongly linked through
a critical ionization fraction. For ionization fractions lower than the critical one,
increases in current density are stabilizing while they are destabilizing for higher
ionization fractions. Instabilities that occur in the high ca region are more sensitive
to changes in ohmic dissipation and are more capable of having the explosive growth
rates associated with the onset phenomenon.
9. The major effects of increasing the length of the thruster should be to decrease the
local values of current density by distributing the total current over greater length.
Corresponding decreases in electron temperature and ionization fraction are also ex-
pected. The analysis shows that these effects are stabilizing and therefore consistent
with the experimental results.
Chapter 5
Application of the Stability Model to the
Results of Numerical Simulation
Chapter 4 showed the general stability behavior of the plasma as a function of wavelength
and the six plasma conditions. However, two significant limitations of the results exist.
The most important is that the plasma conditions that were chosen were arbitrary. Partic-
ularily when viewed together as a whole set, it is very unlikely that they represent a real
plasma. It is clearly unrealistic to vary one parameter while holding the others constant
since each of the plasma conditions is expected to be a function of the others. The other
limitation is that it was impossible to link the stability of the plasma to the value of the
onset parameter. This is important in order to verify the stability model with experimental
results.
These limitations are addressed in this chapter by applying the stability model to the
results of a numerical simulation of MPD flow. The numerical model was developed by
Niewood[27] and contains all of the features of the one-dimensional, two-fluid model that
this work is based upon. By choosing a set of macroscopic parameters (thruster geometry
and operating conditions) the results of the numerical simulation model give all of the
values of the plasma conditions needed to solve the dispersion relation. The stability
of the plasma as a function of wavelength can then be determined. If some definition
of onset as it relates to the stability model is assumed, then the onset parameter and its
behavior can be predicted and compared to the experimental results of chapter 2.
5.1 The Numerical Simulation Model and Use
The numerical model is described in detail in reference [27] and [28]. It is a quasi one-
dimensional, two-fluid model that simulates MPD flow in constant area channels. The
source terms in the model include contributions from ionization, recombination, ambipolar
diffusion, heat conduction, ohmic dissipation, and electron-ion collisional energy transfer,
all of which appear in the stability model. The inputs to the model are inlet magnetic field
(Bo), mass flux (mf), interelectrode separation (h), and length (L). Since experimental data
are in the form of geometry (ra, re, and L), total current (J), and mass flow rate (ir), some
transformations are necessary. The transformation of the geometry is straightforward. The
mass flux is given by
mf = 7(r 2 - r 2) (5.1)
The relationship between the total current and the inlet magnetic field is
Bo0  2 (5.2)27rr
By combining eqs. 5.1 and 5.2 it is possible to get an expression for -.
J2 47r B02
2 2 2 "(5.3)
Equations 5.2 and 5.3 contain T which links the inlet magnetic field to the total current.
In a parallel plate device, 2ri" would be replaced by the width of the plates. However, it
is not clear what value of T is appropriate for the axial geometries of the devices under
consideration. Obviously, the magnitude of - is strongly dependent on the choice of -
so results are reported in this work for two values; -f = rafrc and - = ra.
These transformations provide the inputs to the numerical model. The model can
then be run to convergence to obtain all of the plasma conditions needed to solve the
dispersion relation. However, the numerical model calculates the conditions at each of
200 evenly spaced points throughout the length of the channel. Figure 5.1 is a plot of
n0 versus the location in the channel for a typical simulation. As expected, the plasma
is most stable near the inlet of the thruster where the ionization fraction and electron
temperature are low and the density is high. As the position is moved down the channel,
the plasma slowly becomes less stable. The most unstable location in the channel is at
exit where the ionization fraction, electron temperature and current density have reached
their maximum value and the density is a minimum. The circumstances directly at the
exit are complicated by the boundary condition imposed there (B=0) which prevents the
field from ballooning out of the channel as found in experiments. Therefore, to minimize
the effects of this non-physical concentration directly at the exit and still investigate the
most unstable region of the channel, the stability model was run on point 198/200.
The remaining issue is the definition of onset as it applies to the stability model. That
is, what stability criterion can be used to say when onset has occurred? A necessary
condition is clearly f1I < 0; a positive growth rate. But that does not appear to be
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Figure 5.1: R1 vs. Channel Location
sufficient. For example, since the residence time is on the order of 1.0 x 10- " sec., a
growth rate of 1.0 x 103 per sec would cause perturbations to grow by only 1% in one
residence time. This is not realistic since onset is a sudden and violent instability. Any
other choice of growth rate, that which causes perturbations to double, for example, is
rather arbitrary.
Another option exists that is a property of the plasma and therefore not so arbitrary.
It was shown it chapter 4 that the effect of ohmic dissipation changes at some critical
ionization fraction. That value of ca was defined by kj = 0 in eq. 4.8. For low ionization
fractions, kj is positive and ohmic dissipation was shown to be stabilizing. 0• was
bounded below by the lowest values of current density. As the ionization fraction was
increased to a•t,, kj decreased to zero and the stability of the plasma became independent
of ohmic dissipation. For a > -i,, kj is negative and ohmic dissipation became
destabilizing. In the high ac region QI is unbounded below; no limitation on the maximum
growth rate. Figure 4.11 shows this behavior. The implication is that plasmas with
relatively low ionization fractions can sustain high values of ohmic dissipation. But as
soon as the ionization fraction reaches c,-ij, these high values of ohmic dissipation become
very destabilizing and are capable of causing explosive growth rates. An instability in
this region seems intuitively more physical and definitely more able to cause the violent
instabilities associated with onset.
* B =.065
* B =.070
* B =.075
* B =.080
These are the results of
the numerical and stability
models for:
h = .0415 m
L = .060 m
mass flux = .38
chi = 1.5
The onset criterion combines the necessary condition of positive growth rate with
the requirement that the instability take place in this region of unbounded growth and
increased sensitivity to ohmic dissipation. Therefore, the criterion is
2 i <
and
of > a cri
To summarize the method used in this chapter:
1. A thruster geometry and mass flow rate were chosen to be simulated.
2. A value of Bo was estimated from eq. 5.3.
3. The values of the other inputs were calculated.
4. The numerical model was run to convergence.
5. The stability model was run on the results at point g.
6. If the onset criterion was not met then the value of BO was increased and the numerical
model was run again.
7. Among the values that were calculated when the onset criterion was met are the
maximum growth rate, the wavelength at that growth rate, the onset parameter, and
Rm.
8. The results are given in appendix C and summarized in the tables of this chapter.
Some concern regarding the choice for the onset criterion is justified. However, the
results show that this choice insures both physically significant rates of growth and suf-
ficiently small wavelengths. It is satisfactory on physical grounds because acris is a
property of the plasma and is not some arbitrary external condition placed on the analysis.
The maximum wavelength that can reasonably be considered is on the order of twice
the length of the thruster (•A~ = L). This may actually underestimate the wavelength that
could cause instability because of the ballooning effect. The shortest thruster on which data
was compiled is a Princeton thruster that had L, = .0254 m and La = .060 m. Therefore the
maximum wavelength considered capable of causing an instability is approximately .120
m. The values of the wavelength at the maximum growth rate consistent with the onset
criterion are given in table C.2. They range from a minimum of .007 m to a maximum of
.120 m. Instabilities that have their maximum growth rates at these wavelengths should
be discernible.
This onset criterion gives values for the maximum growth rate that are also reasonable.
The value of r in table C.2 is the factor by which perturbation would grow in one residence
time. These range from 1.15 to 91.5 (r = 2.0 means that perturbations would double in
one residence time).
A few points involving the mechanics of using the model and reporting the results
must be discussed. The predicted values of the onset parameter given in the tables of this
chapter are shown in the form XXX/YYY/ZZZ. XXX is the value of the parameter that is
predicted by the numerical and stability models for -= r . It is a dimensional quantity
that can be directly compared to the experimental values. The units of " used in these
tables are (A2/kg/sec x 10') but have been omitted for clarity. The second value, YYY, is
a normalized value for the parameter based on some predicted value. These normalized
quantities are helpful because they isolate the effect of one variable from the others and
avoid the issue of . ZZZ is a predicted value of the onset parameter which is based on
an average experimental value. That is, ZZZ is calculated by multiplying the normalized
values YYY by some average experimental value. This is equivalent to choosing a value
of - in eq. 5.3. ZZZ is a dimensional quanitity and therefore has the units (A2/kg/sec
x 109).
Since it is not apparent what value of T should be used in eq. 5.3 (it may even be a
function of the operating conditions), it is necessary to pick one in order to compare the
predicted trends to the experimental ones. In each case, a value of F was chosen such
that one of the predicted values of the onset parameter matched an average experimental
value.
Three values of interelectrode separation were chosen to be simulated; .0415 m, .0225
m, and .0095 m. The first corresponds to the value of h for the full scale benchmark
thruster (FSBT) of Princeton University on which much experimentation was conducted.
The other two values are sufficiently lower than .0415 m to show the effects of changes
in h but still represent practical thrusters.
Three values of length were chosen; .0254 m, .060 m, and .100 m. Much work was
done on a thruster with a cathode length of .0254 m and an anode length of .060 m.
justifying the choice of the first two lengths. The FSBT had a cathode length of .100 m.
Initially, only two mass flow rates were simulated; .003 kg/sec and .006 kg/sec. Prince-
ton did most of their work in this range. However, to look for the dependence of the
onset parameter on mass flow rate, two other mass flow rates were simulated for the h =
.0415 m thrusters; .0015 kg/sec and .012 kg/sec.
The numerical model did not converge for L = .0254 m, h = .0095 m, at any mass
flow rate so no results could be reported.
5.2 Predicted Dependence of the Onset Parameter on
Length
Data that show the behavior of the onset parameter as a function of length are collected in
table 5.1. The normalized quantities are based on the predicted values for L = .0254 m and
are plotted in figure 5.2. The figure shows that the parameter is a linear function of L and
illustrates that for these conditions the behavior is relatively insensitive to mass flow rate
and interelectrode separation. Though the magnitude of the dimensional onset parameter
is clearly dependent on h, the trend (rate of change with L) appears to be insensitive to
both ?i and h and the results are represented well by a line.
The direction of the dependence was predicted in chapter 4. By increasing the length of
the thruster, it was expected that the local values of current density, electron temperature,
and ionization fraction would be lowered driving the plasma toward stability.
To compare the predicted trend to the experimental results, the predicted values for
L = .0254 m were matched to the average experimental value for that length (36.68).
In other words, the normalized quantities were multiplied by 36.68 to get the predicted
values. These are plotted in figure 5.3 along with the corresponding experimental results
from chapter 2 (figure 2.3). The line is a curve fit to the predicted values and falls well
within the experimental results.
This method appears to simulate the effects of length accurately but some caution is
required. In chapter 2, two regimes of operation were identified. The non-reactive regime
was characterized by insensitivity of the onset parameter to m, h and propellant injection
site. Relatively short thrusters with large values of h run at high mass flow rates operate
in this regime. However, longer thrusters are capable of operating in the reactive regime
where the onset parameter is much more sensitive to h and is very dependent on both h
and injection site. Since the quasi one-dimensional model is unable to simulate the effects
of injection site, comparison to experimental data must be done carefully and consistently,
particularly in the reactive regime. The experimental results shown in figure 5.3 are for a
mass flow rate of .006 kg/sec and 50/50 injection.
J2. 2 J2
m m m
(m) h =.0415 h = .0225 h =.0415 h = .0225
_h=.003 mr=.003 m=.006 r,=.006
.0254 21.04/1.00/36.68 29.06/1.00/36.68 21.46/1.00/36.68 31.49/1.00/36.68
.060 42.93/2.04/74.83 56.06/1.93/70.79 42.07/1.96/71.89 54.94/1.75/64.19
.100 68.88/3.28/120.31 86.20/2.97/108.94 64.49/3.01/110.41 82.93/2.63/96.47
Table 5.1: Onset Parameter vs. Length (F = r ag/Normalized/ Predicted)
Normalized
O 
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Based on the Value
at L = .0254 m.
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Figure 5.2: Normalized Onset Parameter vs. Length
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is a curve fit to the predicted
values.
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5.3 Predicted Dependence of the Onset Parameter on
Interelectrode Separation
The numerical and stability models were run for three different values of interelectrode
separation. To predict the onset parameter it was assumed that the cathode radius was
held constant at rc=.0095 m so that the change in h was taken up by the anode radius. The
data are given in tables 5.2 and 5.3 for mass flow rates of .006 kg/sec and .003 kg/sec.
The normalized parameters are based on the predicted values for h = .0415 m and are
plotted in figure 5.4. There is a distinct increase in the normalized onset parameter for
decreasing h. Though the magnitude of the dimensional parameter is strongly affected by
length, the trend appears to be insensitive to both length and mass flow rate. The curve
is a power law curve fit.
This dependence was also predicted in the parametric study of chapter 4. Figures 4.5
and 4.6 show that decreases in interelectrode separation were expected to be stabilizing
due to increased rates of ambipolar diffusion. The lowest values of h were expected to
show the greatest sensitivity to changes in h. This is precisely the behavior shown in
figure 5.4.
This also suggests the role ambipolar diffusion may play in determining the regime
of operation. For high values of h, ambipolar diffusion is small and the stability of the
plasma is largely determined by the other processes (non-reactive regime). However, as
h is decreased (or the effects of the other processes are decreased) the contribution of
ambipolar diffusion becomes more important, the stability is more sensitive to changes in
h, and the plasma is driven toward stability (reactive regime).
To compare the predicted trend to the experimental results, the predicted values for h =
.0415 m were matched to the average experimental value (36.68). These predicted values
are plotted in figure 5.5 along with the corresponding experimental results from chapter
2 (figure 2.4). The curve fit to the predicted values represents the data extremely well.
Thble 5.2: Onset Parameter vs. Interelectrode Separation, M7,=.006, (7 = raug/Normalized/ Predicted)
Table 5.3: Onset Parameter vs. Interelectrode Separation, rh=.003, (- = ravg/Normalized/ Predicted) '
h J1 J' J'
m m m
(m) L = .0254 L = .060 L =.100
rh=.006 mr=.006 rT=.006
.0415 21.46/1.0/36.68 42.07/1.00/36.68 64.49/1.00/36.68
.0225 29.06/1.36/49.67 54.94/1.31/48.05 82.93/1.29/47.32
.0095 103.65/2.46/90.23 142.23/2.21/81.06
h - J J2'
m m m
(m) L = .0254 L = .060 L =.100
vb=.003 r7=.003 rh=.003
.0415 21.04/1.00/36.68 42.93/1.00/36.68 68.88/1.00/36.68
.0225 29.06/1.38/50.62 56.06/1.31/48.05 86.20/1.25/45.85
.0095 105.76/2.46/90.23 152.23/2.21/81.06
Normalized
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Based on the Value
at h = .0415 m
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Figure 5.4: Normalized Onset Parameter vs. Interelectrode Separation
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5.4 Predicted Dependence of the Onset Parameter on
Mass Flow Rate
The results of the numerical and stability models showed very little dependence on mass
flow rate for all lengths and interelectrode separations at moderate rates (m=.003 and .006
kg/sec). However, the experimental data from chapter 2 showed that the dependence was
most pronounced at the lowest flow rates so the range of rates was extended for the h =
.0415 m simulations. The data are shown in table 5.4.
The normalization of the onset parameter is slightly different than in the previous cases
because of the dependence of the trend on length. The normalized values are based on
the predicted value at L = .0254 m and ha = .0015 kg/sec. This gives three curves each
of which describes the behavior of the normalized onset parameter as a function of mass
flow rate for a particular length. This is shown in figure 5.6. The dependence of the
parameter on length that was described in a previous section is also clear from this figure.
The other feature that is evident is that the effect of mass flow rate depends upon length.
For the shortest thruster, the onset parameter is approximately independent of mass flow
rate. As the length is increased the parameter becomes increasingly dependent upon flow
rate. This is the effect shown in experiments. Entries 57-84 of appendix A are for short
thrusters. For these thrusters the onset parameter is independent of flow rate. For longer
thrusters, the parameter can be a function of mass flow rate as shown in chapter 2. Both
figure 5.6 and figure 2.10 of chapter 2 show the effect.
Figure 5.6 also clearly illustrates the two regimes of operation first found from exami-
nation of the experimental results. The short thruster is in the non-reactive regime for the
entire range of flow rates; the onset parameter is independent of m . It was shown in the
previous section that this thruster was also relatively insensitive to changes in h. On the
other hand, the longest thruster enters the reactive regime at approximately .006 kg/sec.
That is, for mass flow rates greater than .006 kg/sec, the onset parameter is independent
of rate but becomes dependent for rates less than .006 kg/sec. By examining each term
in the dispersion relation it appears that the reactive regime is characterized by relatively
high rates of ambipolar diffusion. This is in agreement with the conclusion reached in
the previous section. The effect will be discussed in more detail in the summary section
of this chapter.
The trend of the onset parameter as a function of mass flow rate can be directly
compared to experimental data. The predicted values of the parameter in table 5.4 were
matched to the average experimental value for the FSBT of Princeton University for
rh=.006 kg/sec (84.87). The predicted values for L = .100 m are plotted in figure 5.7
along with the experimental values from chapter 2 (figure 2.7). The curve is a power
law curve fit to three predicted values (irz=.012 kg/sec was not included in the curve fit).
Again, the predicted behavior matches the trends found in experiments quite well. The
predicted value for mr=.012 kg/sec is higher than expected and is the probably the result
of assuming a constant value of T throughout the entire range.
m
(m) (kg/sec)
.0254 .012 22.97/1.10/83.22
.006 21.46/1.03/84.87
.003 21.04/1.01/83.22
.0015 20.90/1.00/82.40
.060 .012 42.93/2.05/86.66
.006 42.07/2.01/84.87
.003 42.93/2.05/86.66
.0015 51.35/2.46/103.87
.100 .012 64.60/3.09/85.01
.006 64.49/3.09/84.87
.003 68.88/3.30/90.65
.0015 83.59/4.00/109.85
Table 5.4: Onset Parameter vs. Mass Flow Rate, (F = ravg/Normalized/ Predicted)
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5.5 Prediction of the Onset Parameter of Some Selected
Thrusters
The previous results show that the coupling of the numerical and stability models accu-
rately predicts the trends of the onset parameter as a function of length, interelectrode
separation and mass flow rate. To compare the predictions to experimental results it was
necessary to match the predicted values at one point to an average experimental value.
This was equivalent to choosing a value of " in eq. 5.3. In this section, no attempt will
be made to match experimental results. The predicted value of the onset parameter for
two values of -are shown and compared to experimental results.
5.5.1 "Japanese Thruster"
The thruster examined by Kagaya[16], Yoshikawa[33], and Kuriki[18] relatively small
and was operated at very low mass flow rates. The results given in chapter 2 show that
there did seemed to be a dependence of the onset parameter on mass flow rate. Figure 5.8
shows this dependence. The two curves in the figure represent the predicted values of
the onset parameter for two choices of 7; , = r•+r and - = ra. The experimental data
fall between these two curves indicating that these choices were reasonable. The trend
toward higher values of the parameter with decreasing mass flow rate is shown by both
curves. This illustrates the limitation of the quasi one-dimensional model used in this
work. The trends are well predicted but the precise value of the onset parameter depends
upon some choice of circumference about which the total current is distributed. The quasi
one-dimensional model cannot supply the information needed to solve this problem.
These data are also interesting because they illustrate that operation in the reactive
regime is possible for a small thruster but only for very low mass flow rates.
5.5.2 "Princeton Thruster"
Many experiments by researchers at Princeton University were performed on a thruster
with a common radial geometry; ra = .051 m and rc = .0095 m. To show the correspondence
between the predicted values of the onset parameter and the experimental results it is
convenient to plot the parameter versus length. Figure 5.9 shows the results. Again, the
experimental results fall between the two curves representing the predictions.
5.5.3 "MIT Thruster"
Experiments were conducted by researchers from MIT on a thruster primarily designed
and operated to investigate the effect of axial variation of interelectrode separation[8], [9],
[10]. In addition to operating flared channel geometries, they looked at the behavior of a
constant area channel. The geometry is given in entry 95 of appendix A.
Two separate effects were shown to exist. Anode depletion appeared to occur some-
where between 30 kA and 40 kA and was not associated with large scale unsteadiness.
For total currents greater than 60 kA, there was a distinct transition to arcing and large
scale voltage oscillations that are normally characterizes onset.
The numerical and stability models were run to simulate this thruster. The complete
set of parameters consistent with the onset criterion are listed below.
Te = 20,400 K
T9 = 3,670 K
C1 = .749
U = 9,600 m/sec
p = 5.540 x 10-' kg/m3
j = 3.50 x 106 A/m2
The values for the total current that correspond to -= 'pc and = -ra are
Jravg = 35.4 kA
Jra = 40.9 kA
These values of total current coincide with the first transition and not to the transition
associated with large scale flucuations that are expected with this instability. However,
at least some of the predicted values for the plasma conditions at onset correspond fairly
well with those found in the experiment. The estimated experimental values are listed
below.
11,600 K <Tg < 70,000 K
Te ,, 2.0 eV . 23,200 K
a .74
2.75 xo10 6 < j < 5.00 x106
14U -
120 -
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Figure 5.8: Onset Parameter vs. Experiment ("Japanese Thruster")
XUu -
Onset Parameter
(AA2/kg/sec)
x 10^9
100 -
0-
0.02 0.04
0
i . . I
0.06 0.08 0.10
a experimental
-4- predicted r = ravg
-&-- predicted r = ra
The experimental data
has:
ra = .051 m
rc = .0095 m
mass flow rate = .006 kg/sec
50/50 injection
The numerical and stability
models were run for the
same radial geometry and
mass flow rate.
0.12
Length of Shortest Electrode (m)
Figure 5.9: Onset Parameter vs. Experiment ("Princeton Thruster")
0
I * I I
.
d JA
4
---- Pred r = ravg
-- Pred r = ra
a exp
The experimental data
is for the Japanese
thruster:
ra = .024 m
rc = .00475 m
L = .032 m
50/50 injection
The numerical and stability
models were run for the
same geometry over the
same range of mass
flow rates.
~rrrr
5.6 Summary
The purpose of this and the previous chapter was to examine the behavior of the elec-
trothermal instability model that was developed in chapter 3. Both analyses were there-
fore based on the solution of the dispersion relation which in its full form is expressed
as eq. 3.32. However, it was shown in chapter 4 that by making some approximations
( = 0, Da = 0, il = 0, and X = 0) the dispersion can be simplified to
k1 Ej + kjEI + kcEC = 0 (5.4)
where
= - 1 - 2 )(EI + ( )(X  9 - E1 -a ED 3 2 ED
k,= 1-( la)(r E)] - ( )X(X - ) + ( )X (X 9-  )
-1- C ED 2 ED 3 2
c 2 1 - 2ci)( El +( )(X- 9 Ekc =() f 1 ED 3 2 ED
Though X and 0 have been removed from these expressions it must be recognized that
negative terms in eq. 5.4 are sources of destabilization.
The results of this chapter show that the electrothermal instability model appears to very
accurately predict the behavior of the onset parameter as a function of length, interelectrode
separation and mass flow rate. To the extent that this is valid, the physics behind these
trends can now be explained by examination of the dispersion relation.
Equation 5.4 shows that each coefficient, k1 , k1, and kc, is a function of ~L. Ne-
glecting the effects of temperature and ionization fraction, the energy loss mechanisms
are functions of h and p as shown below.
El = (RS~en.)ok6Te. cX p2
EC = 3 nevukb(Te - Tg) ac p2
ED = ( )kbTe, oc )k
L is proportional to p2h2. The behavior of the onset parameter in each regime of
operation can now be explained. Thrusters with relatively large interelectrode separations
but operated at high mass flow rates are expected to have high densities. The value of
~ will be large (values greater than 100 were found for some of the simulations) and
dominate all of the terms in each expression for k,. To this approximation the terms are
then given by
1 --2o 2 9k =( ) + ( )(X -  )1-a 3 2
1-2a 2 9 2 9k_ ) - ( )X(X - -) + ()X(X - -)1- 3 2 3 2
2 1 -2c 2 9
kc = ) + ( )(X- )3 1-a 3 2
The rate of energy loss through ambipolar diffusion has vanished removing any de-
pendence of the stability on h. The dependence on density has also been eliminated from
these expressions. Since the relative importance of each loss mechanism is established
through k , kI , and kc the stability is now independent of changes in p and h. These
circumstances characterize the non-reactive regime; the stability of the plasma is indepen-
dent of mass flow rate and interelectrode separation. This conclusion is verified by the
results in appendix C. For L = .0254 m, h = .0415 m, and 7h = .012 kg/sec the value of
Sis approximately 100 and ' is approximately 380. Clearly, ambipolar diffusion is
a relatively unimportant loss mechanism in the non-reactive regime.
However, if p and/or h is reduced, the role of ambipolar diffusion can no longer be
ignored. This is clear from the original expression for kj. As R is decreased, the relative
importance of the last term (ambipolar diffusion) is increased. Therefore, by reducing the
mass flow rate the stability of the plasma becomes increasingly dependent on flow rate
and interelectrode separation. Since longer thrusters have lower densities at onset for the
same flow rate, this may also explain why they are more susceptible to this effect. This
too is verified by the results. For For L = .100 m, h = .0415 m, and r, = .0015 kg/sec
the value of L is approximately 8.4 and D is approximately .16. Ambipolar diffusion
is playing a much more important role in the reactive regime.
The results of chapters 4 and 5 reveal that the electrothermal instability produces
physically significant rates of growth at wavelengths on the order of the dimensions of
the thruster. It also appears to accurately predict the behavior of the onset parameter as
a function of length, interelectrode separation and mass flow rate. The linear increase in
the onset parameter with length that is predicted by this analysis is in good agreement
with experimental data. The predicted effect of changes in interelectrode separation also
match the experimental results and can be directly attributed to the increased contribution
of ambipolar diffusion. The predicted dependence of the onset parameter on mass flow
rate follows the approximate trends found in experiments and can also be attributed to the
increased role of ambipolar diffusion.
Though more work is needed to confirm the role of the electrothermal instability in
MPD devices, the results of the parametric analysis in chapter 4 and the application of
the stability model to numerical simulation in chapter 5 indicate that this instability is a
possible mechanism for the onset phenomenon.
Chapter 6
Conclusion and Recommendations
The onset phenomenon places a severe restriction on the operation of an MPD thruster.
If the physics behind this limitation is understood, then the devices can be designed and
operated to minimize the consequences of the limitation. Significant increases in I,p and
efficiency could make this device the undisputed choice as the primary propulsion source
for a wide range of missions. Interplanetary exploration and orbital transfer are two
applications where an efficient low-thrust propulsion source could be used to advantage.
This work has focused on two coupled areas of investigation. First, to gage any
proposed mechanism for the onset phenomenon, a thorough awareness of the demonstrated
behavior of the onset parameter as a function of geometry and operating conditions is
necessary. This was accomplished by reviewing 18 separate references containing 105
individual entries. Second, the stability of the MPD plasma was investigated by developing
an electrothermal instability model and exploring its consequences. Particular attention
was paid to the effects of geometry and operating conditions.
The results of the literature review show that
1. The onset parameter increases linearly with electrode length though there may be
some leveling off at high lengths.
2. Reducing the interelectrode separation can significantly increase the onset parameter.
The trend follows a power law relation with the greatest increases in the parameter
occurring at the lowest values of h.
3. Injection of propellant near the anode can also significantly increase the parameter
though some thrusters are more susceptible to the effect than others.
4. An unexpected finding is that the parameter can also be a function of mass flow
rate. For some devices the parameter showed a distinct increase as the flow rate was
reduced. The effect seems to follow a power law relation, though some thrusters are,
again, more susceptible than others.
The similarity of these effects lead to the conclusion that the parameter is not properly
linked to some combination of macroscopic variables (geometry, mass flow rate, total
current, etc.) but is more fundamentally an indication of the state of the plasma at some
critical location. Based on this notion, two regimes of operations were defined and are
summarized in table 2.9.
The remainder of this work was devoted to the development of the electrothermal
instability model and the exploration of its effects. Among the questions that must be
answered in order to determine the utility of the model are:
1. Does the model make physical sense?
2. Is the model capable of predicting instability?
3. Does the model predict the correct stability trends?
4. Does it predict the correct values of the important parameters?
5. Is it verifiable?
Thruster Expected Onset
and Values of Parameter Regime
Operation Te and U
Short thruster Low Te Low value
Large h Low U Independent of 4r Non-
high ,iz Independent of injection site Reactive
Relatively insensitive to h
Long thruster High Te High value
Small h High U Dependent on Tiz Reactive
Low rh Dependent on injection site
Relatively sensitive to h
6. Can it be used to suggest designs and operating conditions for actual devices?
7. Can it be improved?
The physical basis of the instability is clear. The instability exists near full ionization
where the energy associated with ohmic dissipation cannot be fully absorbed by the energy
expended in creating new electrons through ionization. If the excess energy is not taken
up by the other loss mechanisms in the plasma (heat conduction, electron-ion collisional
energy transfer, and ambipolar diffusion), the electron temperature must rise, fueling
further increases in ohmic dissipation through increased electrical conductivity and leading
to instability. This is approximately the same mechanism that has been discussed as the
physical basis of an instability in MHD devices[26].
The model is clearly capable of predicting instability. For example, very high growth
rates are predicted for plasmas with high current densities and high ionization fractions.
The wavelength at the maximum growth rate is on the order of the dimensions of the
thruster indicating that these instabilities should be recognizable in experimental work.
The parametric study of chapter 4 and the application of the stability model to the
results of the numerical model confirm that the correct trends are predicted. Comparison
to the experimental results of chapter 2 show excellent agreement. The characteristics of
the reactive and non-reactive regime are exhibited by the model and can be attributed to
the relative contribution of ambipolar diffusion to the total energy loss.
The precise value of the onset parameter is not available from the quasi one-dimensional
model that this work is based upon and awaits two-dimensional study. However, by using
reasonable approximations it was shown that the range of values predicted by the stability
and numerical models spanned the experimental results.
The results of this analysis should be challenged with complete experimental data.
Values of electron temperature and heavy species temperature are needed along with
some measure of ionization fraction, overall density and current density. Though these
quantities are needed to verify the electrothermal instability model, they are at the core of
whatever mechanism actually exists so such tests are vital to improving the understanding
of the MPD plasma.
The model, even in this relatively simple quasi one-dimensional form, performs re-
markably well in predicting the effects of length, interelectrode separation and mass flow
rate for actual thrusters. It can easily be employed to assess the performance of proposed
designs. Depending upon the performance criteria, the numerical and instability models
could also be used to suggest an optimal design.
The model can be improved by extending it to include two-dimensional effects. This
will allow the numerical model to simulate the ballooning out of the magnetic field that
exists in experimental devices and eliminate the non-physical boundary condition imposed
at the exit of the one-dimensional model. Though the effect of propellant injection site
seems to be related to the regime of operation that is accurately predicted by the one-
dimensional model, a two-dimensional simulation may be able to verify the effect. The
Hall effect may have very important consequences particularly in the reactive regime
where the magnetic Reynolds number is high.
The ionization, recombination and diffusion rates used should be refined. The work
by Sheppard and Martinez-Sanchez[29] could be included to give a more accurate repre-
sentation of these processes.
Though much work needs to be done, these answers demonstrate that an electrothermal
instability could be an important mechanism in the MPD plasma. For the first time a single
physical explanation of onset is capable of accurately predicting the trends of the onset
parameter as a function of electrode length, interelectrode separation and mass flow rate.
Ultimately, a thorough understanding of the phenomenon will lead to more efficient design
and operation of these devices increasing the likelihood that they will play an important
part in future space missions.
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Appendix A
Experimental Results
entry ref. LC  LA rC rA propellant mass Jonset ( )onsel
no. no. (m) (m) (m) (m) injection flow (A) x 103 (A se-)X 109
site rate
(cathode/anode) (k 9)
1 .032 .032 .00475 .028 50/50 .003 16.2 87.5
2 [16] .032 .032 .00475 .028 0/100 .003 15.4 79.1
3 .032 .032 .00475 .028 100/0 .003 14.7 72.0
4 .032 .032 .00475 .028 50/50 .0006 7.9 104.0
5 [33] .032 .032 .00475 .028 50/50 .00242 15.4 98.0
6 .032 .032 .00475 .028 50/50 .003 18.4 112.8
7 .032 .032 .005 .024 50/50 .00013 4.8 177.2
8 .032 .032 .005 .024 50/50 .00023 4.8 100.2
9 .032 .032 .005 .024 50/50 .00045 6.1 82.7
10 .032 .032 .005 .024 50/50 .00065 7.0 75.4
11 [18] .032 .032 .005 .024 0/100 .00013 4.8 177.2
12 .032 .032 .005 .024 0/100 .00023 5.8 146.3
13 .032 .032 .005 .024 0/100 .00045 6.6 96.8
14 .032 .032 .005 .024 0/100 .00065 8.0 98.5
15 [31] .025 .060 .0095 .051 50/50 .006 16.0 42.7
16 .100 .060 .0095 .051 50/50 .006 23.0 88.2
entry ref. Lc LA rC rA propellant mass Jonsei (-)onse
no. no. (m) (m) (m) (m) injection flow (A)x103 (Aec)Xl 109
site rate
(cathode/anode) (12)
17 .0171 .060 .0095 .051 0/100 .006 12.0 24.0
18 .0171 .060 .0095 .051 20/80 .006 12.5 26.0
19 .0171 .060 .0095 .051 50/50 .006 11.7 22.8
20 .0171 .060 .0095 .051 80/20 .006 12.8 27.3
21 .0171 .060 .0095 .051 100/0 .006 12.8 27.3
22 .0531 .060 .0095 .051 0/100 .006 22.5 84.4
23 .0531 .060 .0095 .051 50/50 .006 21.8 79.2
24 [4] .0531 .060 .0095 .051 80/20 .006 16.8 47.0
25 .0531 .060 .0095 .051 100/0 .006 16.6 45.9
26 .0229 .060 .0095 .051 50/50 .006 13.0 28.2
27 .0324 .060 .0095 .051 50/50 .006 15.0 37.5
28 .0435 .060 .0095 .051 50/50 .006 17.0 48.2
29 .0580 .060 .0095 .051 50/50 .006 19.0 60.2
30 .0691 .060 .0095 .051 50/50 .006 21.0 73.5
31 .100 .060 .0095 .051 54/46 .006 21.0 73.5
32 .100 .060 .0095 .051 0/100 .006 27.0 121.5
33 .100 .060 .0095 .051 54/46 .0015 14.0 130.7
34 [5] .100 .060 .0095 .051 54/46 .003 17.0 96.3
35 .100 .060 .0095 .051 54/46 .0045 19.0 80.2
36 .100 .060 .0095 .051 54/46 .009 22.5 56.3
37 [7] .100 .009 .0095 .051 ? ? ? 65.8
38 .050 .0045 .00475 .0255 ? ? ? 79.0
39 .200 .216 .0095 .032 50/50 .006 27.0 121.5
40 [32] .200 .216 .0095 .032 0/100 .006 41.0 280.2
41 .200 .216 .0095 .032 0/100 .003 32.5 352.1
entry ref. Lc LA rc rA propellant mass Jone )ons(t Ai)onse0
no. no. (m) (m) (m) (m) injection flow (A)x 03 (A eXC)x 10
site rate
(cathode/anode) (k)
42 .100 .035 .0095 .051 50/50 .006 20.0 66.7
43 .100 .060 .0095 .051 50/50 .006 22.5 84.4
44 .100 .060 .0095 .051 50/50 .006 23.0 88.2
45 .100 .085 .0095 .051 50/50 .006 24.0 96.0
46 .100 .085 .0095 .051 50/50 .006 24.0 96.0
47 [17] .100 .085 .0095 .051 50/50 .006 24.0 96.0
48 .100 .110 .0095 .051 50/50 .006 25.0 104.2
49 .100 .216 .0095 .051 50/50 .006 24.5 100.0
50 .200 .216 .0095 .051 50/50 .006 27.0 121.5
51 .050 .060 .0095 .032 50/50 .006 39.0 253.5
52 .050 .060 .0095 .041 50/50 .006 26.0 112.7
53 .050 .060 .0095 .051 50/50 .006 20.0 66.7
54 .0254 .0572 .0095 .0381 50/50 .0075 18.0 43.2
55 [6] .0254 .0572 .0095 .0381 50/50 .0014 8.0 45.7
56 .0254 .0572 .0095 .0381 50/50 .0025 10.0 40.0
entry
no.
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
ref.
no.
[22]
LC
(m)
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
J2
( )onsed
(A' )Xl10Tg-
LA
(m)
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
.0572
rC
(m)
.0064
.0064
.0064
.0064
.0095
.0095
.0095
.0095
.0159
.0159
.0159
.0159
.0095
.0095
.0095
.0095
.0064
.0064
.0064
.0064
.0095
.0095
.0095
.0095
.0159
.0159
.0159
.0159
rA
(m)
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0254
.0381
.0381
.0381
.0381
.0508
.0508
.0508
.0508
.0508
.0508
.0508
.0508
.0508
.0508
.0508
.0508
propellant
injection
site
(cathode/anode)
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
50/50
mass
flow
rate
(4)
.0011
.0022
.0056
.0120
.0011
.0022
.0056
.0120
.0011
.0022
.0056
.0120
.0011
.0022
.0056
.0120
.0011
.0022
.0056
.0120
.0011
.0022
.0056
.0120
.0011
.0022
.0056
.0120
Jonsel
(A)x 103
7.0
9.9
16.0
23.0
8.0
11.0
18.0
25.9
10.0
14.1
23.1
33.9
7.0
9.9
16.0
23.0
6.0
8.0
12.3
15.9
6.2
9.0
14.2
19.9
7.0
9.9
15.0
21.9
45.0
44.6
45.7
44.1
58.2
55.0
57.9
55.9
90.9
90.4
95.3
95.8
44.5
44.6
45.7
44.1
32.7
29.1
27.0
21.1
34.9
36.8
36.0
33.0
44.5
44.6
40.2
40.0
-------
entry ref. Lc LA rC rA propellant mass o,,,ei (1 )onse
no. no. (m) (m) (m) (m) injection flow (A)x103 (A c) x 0lo
site rate
(cathode/anode) (kg)
85 [13] .263 .060 .0095 .051 50/50 .006 25.0 104.2
86 [14] .1243 .060 .0095 .051 50/50 .006 23.0 88.2
87 [30] .100 .061 .0095 .051 63/37 .005 20.0 80.0
88 .100 .060 .0095 .051 100/0 .003 12.0 48.0
89 [1] .100 .060 .0095 .051 0/100 .003 26.0 225.3
90 .100 .060 .0095 .051 50/50 .003 16.0 85.3
91 .100 .060 .0095 .051 50/50 .003 16.8 94.1
92 [2] .100 .060 .0095 .051 50/50 .006 23.0 88.2
93 .100 .060 .0095 .051 0/100 .003 25.0 208.3
94 .100 .060 .0095 .051 0/100 .006 34.0 192.7
95 [8] .090 .090 .0535 .0725 ? .004 30,40,60 225,400,900
96 .100 .060 .0095 .051 ? .003 16.4 90
97 .100 .060 .0095 .051 ? .006 22.8 86.7
98 [15] .100 .060 .0095 .051 ? .012 27.6 63.3
99 .100 .060 .0095 .051 ? .015 31.4 65.7
100 .100 .060 .0095 .051 ? .018 32.9 60.0
101 .05 .030 .00475 .0225 ? .00075 10.5 146.7
102 .05 .030 .00475 .0225 ? .00150 11.2 83.3
103 .05 .030 .00475 .0225 ? .003 17.9 106.7
104 .05 .030 .00475 .0225 ? .00375 19.7 104.0
105 .05 .030 .00475 .0225 ? .0045 21.0 97.8
Appendix B
Coefficients V, Y, and Z
The dispersion relation can be expressed as
M(i2)3 _ V(in) 2 + Z(%i) + Y = 0
where the coefficients of in are complicated functions of the non-dimensional parameters
and the non-dimensional wavenumber X from eq. 3.32. The coefficients can be written as
V = V2x 2 + Vo
Y = Y6X 6 + Y4X + Y2X2
Z = ZX4 + Z 2X 2 + Zo
The coefficients can now be expressed as functions of the non-dimensional parameters
only.
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It should be noted that the coefficients of the highest order terms in X , (V2, Y6, Z4),
are strong functions of the non-dimensional heat conduction coefficient.
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Appendix C
Results of the Numerical and Stability
Models
This appendix contains the results of the numerical and stability models. Table C.1 is
a collection of the results of the numerical model using the criterion for onset that was
established in chapter 5. For example, the first entry are the results to the numerical
simulation of a channel that is .0254 m in length, has a interelectrode separation of
.0415 m and was operated at 1.520 kg/sec/ M 2. The value of the inlet magnetic field that
gave conditions consistent with the onset criterion was .110 T. The values for the plasma
conditions are also included.
Table C.2 contains the results of the stability analyses that were run on the numerical
results of table C.1. The wavelength at the maximum growth rate is given by A,,. The
term r represents the factor that perturbations would grow by in one residence time. The
last two terms are the predicted values of the onset parameter assuming two different
values of 'f.
102
h L m Bonsed p Te a. Tg j U
(m) (m) (kg/sec/m2) (T) (kg/m') (K) (K) (A/mr) (m/sec)
x 10- 4 x 106
.0415 .0254 1.520 .110 5.193 14,806 .934 11,461 4.715 2,963
.76 .075 2.674 14,696 .913 10,362 3.187 2,842
.38 .053 1.370 15,406 .906 9,367 2.292 2,771
.19 .037 .5987 18,739 .954 8,023 1.871 2,906
.060 1.520 .150 2.682 15,473 .885 11,615 3.957 5,640
.76 .105 1.381 16,288 .867 9,160 2.784 5,505
.38 .075 .6594 17,785 .840 5,523 2.083 5,762
.19 .058 .2699 22,034 .814 2,218 1.998 7,039
.100 1.520 .184 1.723 17,631 .880 9,752 4.904 8,822
.76 .130 .8597 19,208 .860 6,877 3.646
.38 .095 .4006 22,360 .832 3,757 3.103 9,486
.19 .074 .1676 30,900 .750 1,431 3.594 11,422
.0225 .0254 2.045 .132 6.814 15,488 .958 12,161 5.953 3,211
1.023 .090 3.507 14,958 .934 10,886 3.895 2.932
.060 2.045 .175 3.537 14,956 .866 12,073 4.542 5,768
1.023 .125 1.765 16,053 .864 9,953 3.349 5,819
.100 2.045 .215 2.282 16,832 .863 10,412 5.557 8,974
1.023 .155 1.094 18,924 .854 7,511 4.452 9,358
.0095 .060 7.054 .350 10.07 14,982 .892 13,475 10.02 7,000
3.527 .250 5.001 15,867 .912 12,725 7.411 7,022
.100 7.054 .410 7.286 15,085 .842 12,401 10.36 9,674
3.527 .300 3.449 16,958 .871 11,077 8.548 10,227
Table C.1: Numerical Model Results
103
h ra r L m r Rm J
(m) (m) (m) (m) (kg/sec) (m) T = a = ra
( A ' sec) x10 (Asec)x o10
.0415 .051 .0095 .0254 .012 .064 1.15 .468 22.97 65.28
.006 .051 1.59 .419 21.46 61.01
.003 .058 2.12 .410 21.04 59.79
.0015 .068 7.13 .521 20.90 59.40
.051 .0095 060 .012 .033 4.13 2.09 42.93 122.03
.006 .047 3.93 2.06 42.07 119.50
.003 .072 2.34 2.27 42.93 122.03
.0015 .114 1.85 4.86 51.35 145.96
.051 .0095 .100 .012 .028 80.7 6.20 64.60 183.62
.006 .050 91.5 64.49 183.31
.003 .067 9.22 8.11 68.88 195.79
.0015 .120 1.65 14.04 83.59 237.60
.0225 .032 .0095 .0254 .006 .049 4.31 .511 31.49 74.91
.003 .041 1.97 .453 29.06 69.11
.032 .0095 .060 .006 .033 4.37 2.09 54.94 130.67
.003 .041 3.68 2.18 56.06 133.33
.032 .0095 .100 .006 .011 34.7 6.07 82.93 197.22
.003 .015 44.04 6.93 86.20 205.01
.0095 .019 .0095 .060 .006 .021 2.36 2.81 103.65 184.26
.003 .007 16.4 2.84 105.76 188.02
.019 .0095 .100 .006 .015 6.38 6.29 142.23 252.85
1.003 .017 1.65 7.23 152.23 270.70
Table C.2: Stability Model Results
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